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THE I'-CONVERGENCE OF A SHARP INTERFACE THIN FILM MODEL WITH
NON-CONVEX ELASTIC ENERGY

PAVEL BELIK AND MITCHELL LUSKIN

ABSTRACT. We give results for the I'-limit of a scaled elastic energy of a film as the thickness h > 0 converges
to zero. The elastic energy density models materials with multiple phases or variants and is thus non-convex.
The model includes an interfacial energy that allows sharp interfaces between the phases and variants and
is proportional to the total variation of the deformation gradient.

1. INTRODUCTION

Thin films of martensitic crystals are the subject of increasing scientific and technological interest [6,16,22].
Dimensionally reduced models that replace the three-dimensional bulk energy with a two-dimensional thin
film energy can make the design of applications more tractable and the computation of the deformation
more efficient. New challenges arise in the derivation of thin film energies for martensitic crystals since the
presence of multiple phases and variants requires that the elastic energy density be non-convex [4,25,29] and
since an interfacial energy that allows sharp interfaces is often useful for accurate modeling [10-12]. Related
work on the general problem of rigorously deriving dimensionally reduced energy functionals has been given
in [1,3,6,17,19,27,30].

We present results for the T-limit [7,26] of the scaled elastic energy of a thin film with deformation
@ : Qp, — R3 defined on a reference domain of thickness h > 0 given by Qp = S x (—h/2, h/2) for S C R?
and subject to boundary conditions

w(x1, 22, 3) = yo(1,22) + bo (21, 22)13  for (x1,22,23) € v X (—h/2, h/2) (1.1)

so the film adheres on a part of its lateral boundary, v x (—h/2, h/2) C 9S x (—h/2, h/2). The elastic energy
of the film is given by
£(a) = / D(Va)| + [ o(Vi),z)dr, (1.2)
Qp Qp

where the term k fﬂh |D(Va)| for k > 0 models the interfacial energy between phases and variants (the total
variation of the deformation gradient is precisely defined in Section 2), and the term th o(Vau(x),z) dx
models the elastic energy of the film. Since we are interested in modeling and computing the deformation of
thin films that undergo structural phase transformation, the energy density, ¢(F, x), is generally a non-convex
function of the deformation gradient, F' € R3*3. The explicit dependence of the energy density, ¢(F,x), on
x € Qp, allows the modeling of alloys with compositional fluctuation [11-13,16,21].

We rescale the deformations % : Qj, — R? to deformations on a fixed domain of thickness one, u : Q; — R3
by

u(z1, 22, 23) = (21, 22, hzz)  for z = (21, 22, 23) € Q,

and we determine and analyze the I'-limit of the rescaled energy

£ (u) = + En(a)

h
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subject to rescaled boundary conditions
w(z1, 22, 23) = yo(z1, 22) + bo(21, 22)hzg  for (z1,22,23) € v x (—1/2,1/2). (1.3)

We analyze the I'-limit of Sl(h) (u) with respect to two related definitions of convergence for deformations.
For the first definition, we prove that the I'-limit of El(h) (u) is given by

£O(y.b) = n [ /S ID(Vy|V20) + V2 / b - bo@ n /S H(Ty(2)[b(2), 2,0) d2 (1.4)

for y : S — R3 such that y = yo on v C S and b : S — R3. The matrix-valued function (Vy|b) : § — R3*3
in the thin film limit (1.4) models the thin film deformation gradient. We also identify (2,0) € R3 with

%2 € S. For the second definition, we prove that the I'-limit of El(h) (u) is given by
&% (u) = { min € uar,b) - if ug =0 ae in O,

400 otherwise,

where wuyy is the deformation of the midplane, ups (21, 22) = u(21, 22, 0). For both definitions of convergence of
deformations, we give compactness results and show that the uniform coerciveness of the energy functionals
Sl(h) (u) allows us to prove that subsequences of energy-minimizing deformations of 51(h)(u) converge to
minimizers of the I'-limit as A — 0.

We have used the thin film energy (1.4) to compute the quasi-static evolution of a martensitic thin
film subject to a varying temperature field [8,9]. In these computations, we use continuation methods for
which the film need only be in a local minimum. We think that the results in this paper, especially the
I-convergence described in Theorem 5.1, justify the use of the thin film energy (1.4) in this context because
the result (5.10) guarantees that any admissible (y,b) defined on S can be used to construct an admissible
uy, defined on €, that is a “smoothed” version of the deformation

y(z1,22) + b(x1,22)x3  for (x1,z2,23) € Qp,

such that £©)(y, b) is approximated by %Sh(ﬂh).

The energy density, ¢(F,x), in models for crystals which undergo a structural phase transformation is
not quasi-convex [4,5,23-25,28,29]. The I'-limit with respect to weak WP convergence of a scaled elastic
energy that does not include interfacial energy will generally thus involve the quasi-convexification of the
elastic energy density [7,17]. However, the interfacial energy x th |D(V)| in our model allows us to obtain
sequences of deformations with gradients that converge strongly and to use the strong continuity of the
scaled elastic energy h~! th ¢(Vu(z), z) dz. A related result has been obtained in [6] for a diffuse interfacial
energy & [o, |V*al* da.

We have recently computed the hysteresis of a martensitic thin film by the application of a thermal and
loading cycle [13] using the I-limit of the energy

5,1(@):%/9 \D(ViD)| + gb(Vﬁ(x),x)da:—/ (Tn) -

Qp BQ}L

(1.5)
o(Viu(z),z) de — / T-Va,

Qp

—H/Qh \D(ViD)| +

where the dead load is T for a constant 7' € R3*3 at points on the boundary 9€2;, with unit exterior normal
vector n. The I'-limit is shown in this paper to be

Qp

81(0) (u) = { mbinf:'(o) (upr,b)  ifug : 0 a.e. in Qq,
400 otherwise,
with
£ (y,b) :n/ |D(Vy|\/§b)\+/qﬁ(Vy(é)\b(é),é,O) déf/T.(vmb).
S S S

In Section 2, we recall the total variation of functions of bounded variation and give a few needed prop-
erties. In Section 3, we describe the assumed properties of the elastic energy density, and in Section 4 we
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recall the definition of I'-convergence. The main results and analysis for the I'-limit of the film model with
Dirichlet boundary conditions are given in Section 5, and the main results and analysis for the I'-limit of the
film model with loading boundary conditions are given in Section 6.

Our results in this paper extend the analysis given in [10] by proving the I'-convergence of the scaled energy
functional for the adhering boundary condition (1.1). We also extend the class of energy densities, ¢(F, ),
to allow compositional variation, and we extend the class of boundary conditions that can be analyzed by
giving results for the I'-limit of the scaled energy functional with dead loads (1.5).

2. FUNCTIONS OF BOUNDED VARIATION

We will assume that S C R? is a bounded domain with a Lipschitz continuous boundary, 95, and denote
the reference undistorted configuration of the thin film of the martensitic material by Q, 0 < h < 1, where

Qn = S x (—h/2, h/2).

The deformations of the thin film are given by functions @ : €, — R? with gradient Vi : €, — R3*3. We
use the notation @; ; = 04;/0x;, and we denote the columns of V& by @ ;, i = 1,2,3. The “planar” gradient
of i, denoted by Vpi : ), — R3*2 has columns given by @ and 1 ».

Given an open set 2 C R? and a function v € L*(Q;R), we define the total variation of v [18,20] by

/|Dv|—bup / z)p p(w)dr 0 € CP(R?), [Y(z)| <1 forallz € Q
Q

k=1,2,3

and say v € BV (Q) if [, [Dv| < +o00. We recall that C5°(Q2; R*) denotes the space of infinitely differentiable
functions compactly supported in €2, whose range is R?, and we note that |)(z)| denotes the usual euclidian
norm, that is, the square root of the sum of the squares of all the components of ¥ (x).

For a matrix-valued function v € L!(Q; R™*P), we define

/ |Dv| = sup{ Z / i ()i (w) do s P € CFF (U R™ P*3) | |yh(z)| < 1 for all z € Q} (2.1)
Q it

9 5m
Jj=1,....p
k=1,2,3

and say v € BV(Q) if [, |Dv| < +o00. We again assume that [ (z)| denotes the square root of the sum of
the squares of all the components of ¥ (z), which is often called the Frobenius norm. Finally, we define the
“planar” variation

/|Dpv=sup{ Z /v” )i p(T) dr s € CGP (G R™P*2) |y(z)| < 1 for aller}.
Q

1,.
i

e

For a matrix-valued function v € L!(S;R™*P) we similarly define
/ |Dv| = sup
s

We remark that if v € BV () is independent of z3, then, abusing the notation slightly, we have

[ 1pvi= [ et = [ Do

The notation BV, () will denote the space BV () N L1(2).

/v” o) ijep(T)dr o € CGP(S; R™ P*2) | |y(x)| < 1 for alleS}.

m
Jj=1 7P
k 2



I'-CONVERGENCE FOR A FILM WITH NON-CONVEX ENERGY 4

For A € R™*? and B € R™*9, we denote by (A|B) € R™*(P+49) the matrix whose first p columns are
those of A and whose last ¢ columns are those of B. For v € L1 (21;R™*P) and b € L1(Q1;R™), we will use
the identity

/ ID(u|v2h)] = / D(u]plp)]. (2.2)
(951

Q
We will use the following extension of the classical result on the lower semicontinuity of the BV semi-
norm [18,20] to functions with fixed trace [10].

Theorem 2.1. If w;,b; € BV () for j € N and w,b € BV () satisfy

Jim ffwy —wlpyey =0 and  lim lb; — b1, =0,
and bj =by on Ty =~ x (—1,3) for fized by € BV (Qy), then
| 1De(lVED) +VE [ b to] < limint [ [Dp(us|VED)
o i = Ja,

We will also use the following extension of the classical result on the approximation by smooth functions
in the BV seminorm [18,20] to functions with fixed trace [10].

Theorem 2.2. Let 1 < q < +o0, let by € WH4(S) be such that Vby € BV (S), let b € BV,(S), and let
w € BV(S). Then there exists a family {b. : € > 0} C WH4(S) with Vb, € BV (S) such that b. = by on
for every e > 0, and

iiﬂ%nbe —bl|za(s) =0,
liﬂg)/ |D<w|m€>|=/ \D(w\ﬁwuﬂ/w—ba.
e—=VJs S ¥

3. THE ELASTIC ENERGY DENSITY ¢

We will assume that the energy density ¢ : R3*3 x Q; — R satisfies the Carathéodory condition [15,26]
(1) ¢(F, 2, 23) is continuous in (F, z3) € R3*3 x (—1/2,1/2) for almost every 2 € S,
(2) ¢(F,2,23) is measurable in 2 € S for every (F, z3) € R3*3 x (=1/2,1/2),
and satisfies the growth condition
c1|F|P —ca < ¢(F,2) < c3(|F[P +1) for all F € R**® and z € Qy, (3.1)

where c¢1, co, and c3 are fixed positive constants and 3 < p < 4oc0.

We can obtain this energy density ¢ from a free energy density gf)(F, 0, c), where 0(z) is a given temperature
and ¢(z) is a given order parameter such as alloy composition, by ¢(F, z) = ¢(F,6(z), ¢(z)). In what follows,
we will usually not denote the explicit dependence of ¢ on z. Notice that ¢ is bounded below and its absolute

value satisfies the growth property

|p(F, 2)| < c3|F|P + max{ca,c3} for all F € R**® and z € Q.

4. THE I'-LiMIT

We now give a definition of I'-convergence [3,7,26] that allows the domain A of the approximating
functionals Fj, to be different than the domain A of the I'-limit F.

Definition 4.1. Let A and A be spaces such that the convergence of elements of A to an element of
A is defined. We say that the family of functionals {F}, : A — R U {+o0} for h > 0} I'-converges to
F:A—RU{+o0} as h — 0 if the following two conditions are satisfied:

Lower Bound: given any u € A and any family {u, € A: h > 0} such that uj, — u as h — 0, we
have
F(u) < lizn igf Fn(un);
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Upper Bound: given any u € A, there exists a family {u; € A: h> 0} such that up, > uwash —0
and

F(u) > limsup Fp(un),
h—0

or equivalently, in view of the lower bound above,
F(u) = lim Fp(up).
h—0
We note that the first condition above (Lower Bound) guarantees that F is below the T-limit (if it exists),
and the second condition (Upper Bound) guarantees that F is above the I-limit (if it exists). If F satisfies
both conditions, then F is the I'-limit.
5. T-LIMIT OF THE FILM MODEL WITH DIRICHLET BOUNDARY CONDITIONS
In this section, we assume that the film adheres to a rigid material on its lateral surface
Tn =7 x(=h/2, h/2),

where we assume that v # () is a finite union of connected C!'! open subsets of 9S. Let yg, by € W1P(S;R3)
be such that Vyg, Vby € BV (S) and define the boundary condition

to(x1, T2, x3) = yo(x1, 22) + bo(x1,22)x3  for (w1, xe,x3) € Q. (5.1)
We then define the space A, of admissible deformations of the domain €} by
Ap ={ae W"P(Qu;R*) : Ve BV(Qy,), @ =1 onTy}.
We note that due to the growth condition (3.1), we have that
Ap = {ﬁ:Qh—>R3: En() < 400, @ =1 oth}.

Also, since p > 3, it follows from the Sobolev embedding theorem [2] that Aj, C C(Q). This ensures that
there is no tear in the deformed configurations a(Q,) for @ € Ay,
We are interested in studying the thin film limit of the energies

En(id) = x / DV + [ é(Vi(a),x)de, e A, (5.2)
Qh Qh,
where the constant x > 0 is a measure of interfacial energy per unit area. We rescale the deformations
i : Qp — R3 to deformations on a fixed domain of thickness one, v : Q; — R3, via
w(z1, 22, 23) = (21, 22, hzs)  for z = (21, 22, 23) € Q, (5.3)

and we then study the I'-convergence as h — 0 of the rescaled energy

£ () = + &) (5.4)

for u defined in the space of admissible deformations
Ay ={ue W' (Q;R*) : Vue BV(Q), u=uponTl},
where ug is defined by (5.1) and (5.3) to be
uo(21, 22, 23) = yo(21, 22) + bo(21, 22)hzs  for (21, 22,23) € Q.
We will first define a topology for the convergence of u;, € A; to (y,b) € Ay where
Ao = {(y,b) € W'P(S;R3) x LP(S;R?) : Vy,b € BV(S), y =yo on v}, (5.5)

and we will then show that the I'-limit of th) is given by £ where

EO(y,b) =k [/S|D(Vy|\/§b)|+\/§/b—bo|} +/S¢(Vy(2)|b(2),270)d2. (5.6)
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We here use Definition 4.1 with A = A; and A = Ay. We note that above and in what follows we will often
use the notation

/¢(Vy|b):/¢(Vy(2)|b(2),2,0)d2.
S S

In a second approach, we will set A = A = A; with the topology on the space A; given by weak WP
convergence, and we will prove that a related functional 51(0) is the I'-limit of Sl(h) as h — 0. The relation
between £©) and 51(0) will become clear.

We now consider the I'-convergence of Sl(h) to £© as h — 0. We start by introducing a notion of the
convergence of 3-D deformations {up} C A; to a 2-D deformation (y,b) € Ag as h — 0.

Definition 5.1. We shall say that a family {u, € A; : h > 0} converges to (y,b) € Ap if the following
conditions are satisfied for §(z1, 22, 23) = y(21, 22) and b(z1, 22, z3) = b(21, 22):
up, — 9 in WHP(Q; R?) and  h7lups —b in LP(Q;R?)
. as h — 0.
up — ¢ in Wl’l(Ql;R?’) and h_1Uh)3 —b in Ll(Ql;RB)

We shall use this definition of convergence when proving the I'-convergence of the functionals El(h) to £0)
since it allows the compactness property of Lemma 5.1 for sequences of deformations

{up, € Ay :n=1,... and h, — 0 as n — oo}

with uniformly bounded energy El(h”)(uhn) < C for all n > 1. This compactness property can then be used
with the I'-convergence of the functionals El(h) to £©) to give a proof of the convergence of minimizers of
El(h) to minimizers of the T-limit £ (see Corollary 5.1 following the proof of Theorem 5.1). We will see
from the proof of Theorem 5.1 that £(©) is also the I-limit of 51(h) if we use the strong convergence

up — 9 in WHP(Qy; R?) and htups — b in LP(Q;R?)
in Definition 5.1, but we do not have a compactness property for this topology since BV (€21) is not compactly

embedded in LP(Q;) if p > 2 [20].

Lemma 5.1. Suppose that {up, € A1 :n=1,... and h,, — 0 as n — oo} is a sequence of deformations

with uniformly bounded energy 51(h")(uhn) < C for all n > 1. Then there exists a further subsequence, also
denoted by {up, € A1 :n=1,...}, and (y,b) € Ay such that {uy, € A1 :n=1,...} converges to (y,b) € Ag
in the sense of Definition 5.1. We may take a further subsequence such that the convergence is also almost
everywhere in .

Proof. We have from the definition of the total variation for matrix valued functions (2.1) that

1

. |D(Vip,,)|
n JQp,
ZSUP{ Z /(Uhn)i,jwijk,k-l- Z / o™ (un, )i j¥ijs,3 + Z o™ (un, )i 3isk k
i=1,2,3 75 i=1,2,37 i=1,2,37 (5.7)
G k=1,2 j=1,2 k=12

+ Z hniz(uh")i)g’(/}ig?,’g : ’(/) c Cgo(Ql), |w(2’)| <1 forall ze Ql}

i=1,2,37

Since El(h")(uhn) < C for all n > 1, we have by the growth condition (3.1) that

un, [lwr @ rs) < C, 17 un, sll Lo (@ re) < C, (5.8)
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and we have by (5.7) that

Awww

sup{ Z / ho 2 (up, )istizss ¥ € C(), ()] <1 forall z € Ql} <C
(951

i=1,2,3

<C, / |D(hy,  un, 3)| < C,
Q1
(5.9)

for all n > 1. Tt then follows from the compactness of the BV spaces [20] and the trace theorem [2] that

there exists @ € W1P(Q;R?) such that Va € BV () and @ = yo on v x (—1,3) and that there exists

b € BV,(Q;) such that for a further subsequence of {uy,, }, not relabeled, we have that

up, — 4 in WHP(Q;R%) and by lup, 3 — b in LP(Qy;R?)

. , as n — 0o,
up, — 4 in WHHQ;R?) and by, tup, 3 — b in LY(Q;R?)

and the convergence is also almost everywhere in ;. In addition, from (5.8) and (5.9) it follows that @

and b are independent of z3, so we can set y(z1, 22) = G(z1, 29, 2z3) and b(z1,22) = 13(21, 29, 23) to prove the
lemma. (]

We have the following I'-convergence theorem:

Theorem 5.1. The functional £©) : Ay — R is the I-limit of the functionals El(h) : A1 — R with respect to
the convergence from Definition 5.1; that is,

Lower Bound: given any (y,b) € Ao and any family {up € Ay : h > 0} that converges to (y,b), we
have

£O)(y,b) < liminf £ (un);

Upper Bound: given any (y,b) € Ay, there exists a family {up € Ay : h > 0} that converges to (y,b)
such that

£ (y,b) > limsup £ (uy,),
h—0

or equivalently, in view of the lower bound above,
EO(y,b) = lim £ (wy). (5.10)

Proof. Lower Bound. To prove the lower bound, let (y,b) € Ag and let {u, € A; : h > 0} converge to (y,b)
in the sense of Definition 5.1. Consider a subsequence {uy,, }52 ; such that

lim Sl(h")(uhn) = lim inf Sl(h)(uh)
n— o0 h—0

and such that Vpup, — Vpg and A, luhmg — b almost everywhere in €2y as n — oo. It follows from the
identity (2.2) and

/ 'Ui,jwij&?) = / 'Ui,31/)ij3,j for all v € Wl’l(Q;R3) and lbijg S CSO(Q)
Q Q
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that

/ |Dp(Vpuhn|\/§h;1Uhn,3>‘
Q1

=/ |Dp (Vpun, |hy, M un,, 3lhy, s, 3)]
|95

I
o)
o
T
——
—
—
g
>
3
<
s
<.
B
B
+
—
>
3
=
=
%
s
<
»
<

i=1,2,37 i=1,2,37
7,k=1,2 j=1,2
+ / hy ™" (un, )isWiser = ¥ € C (), |¥(2)] <1 forall z €
i=1,2,37 %
k=12

AN

w

S
—
i\
9\

i=1,2,3 i=1,2,3
Jj=1,2 k=

+ ) / o2 (un, )igthisss © ¥ € Co(), [b(z)| < 1 forall z € 91}

i=1,2,37 %

(Uh ,]¢zyk k+ Z / b, _1 uh 717;[1133 3+ Z / uhn i, 31/)13k k
1,2

1 .
=— | 1D,
n th

(5.11)

So, by using Theorem 2.1 on (5.11) and using Fatou’s Lemma to control the ¢ term, we obtain that

£ (y,0) {/ Do (ril V20| +f/ |b—bo} (i 2,0)dz

< lim inf 51( (up,,)

n—oo

= lim El(h”)(uhn)

n—oo

— liminf e
—llinjglfgl (un),

and this establishes the first part of the theorem. We note that above and in what follows we use the
convention z = (2, 23) for 2 € S and z3 € (—=1/2,1/2).

Upper Bound. To prove the upper bound, we would like to consider deformations of the form y(z1, z2) +
hz3b(z1, 22); however, such deformations do not belong to A; because b does not belong to W1P(S;R3) and
Vb does not belong to BV (S). We can overcome this problem by using Theorem 2.2: since by € WP (S;R?)
and Vby € BV (S), there exists a family of functions b. € W1?(S;R?) with Vb, € BV (S) such that b. = by
on «y for every € > 0, b. — b almost everywhere in S and in LP(S) as € — 0, and

tim [ 1D(VyIVER)| = [ ID(VIIVED)+ V2 / b= bol. (5.12)

We construct the functions
uj (21, 22, 23) = y(21, 22) + hzgbe(21,22) € A1 for 0 < h < 1.

Now Vpuj = Vpy + hz3Vpb. — Vpy in LP(Q) and almost everywhere in Q; as h — 0, so we can obtain by
using the growth condition (3.1) for ¢, the Carathéodory property of ¢ given in Section 3, and the dominated
convergence theorem that

1
— o(Vag (z),z)dx = ¢(Vpui|h*1ui 3.2, hzg) dz = o (Vpuj |be, 2, hzs) dz — d(Vpy|be, 2,0) dz
h’ Qh Ql ’ Ql Ql
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as h — 0. By the same argument,

/ o(Vpylb.., 2,0) dz — / H(Vylbe) — / H(Vylb)  ase— 0,
Q1 S S
SO

AT e _
lim lim 7 /Qh o(Vag,(z),z) de = /Sgb(Vy|b) (5.13)

e—0 h—0

We now have since b, is independent of z3 that

1 ~c
3 [ 1P

= sup { Z / uh ,sz]k k+ Z uh)z 3’(/)173,] + Z uh)z 3wz3k k

i=1,2,37 i=1,2,3 Ql i=1,2,3 91
jk=1,2 j=1,2 k=1,2
+ Z / h_2(ui)i,3wi33,3 VNS C(())O(Q), |’L/}(z)| <1 forall z € Ql}
. Q1
e (5.14)
= Sup{ Z / (uf,)i,jVijrk + Z / beijz,; + Z / beizk,k
i=1,2,3 7 i=1,2,3 i=1,2,3
jk=1,2 j=1,2 k=1,2
Y eCE (), [¥(z)| <1 forall z € Ql}
- / ‘Dp(vpuﬂﬂbg) .
Q1
Since Vb, € BV (S) and y and b, are independent of z3, we have that
limy [ [ De(Veui VED) IDp(Ve(y + hzab) V2D = [ IDVyVER)L  (515)
—0Ja, o s
It then follows from (5.14), (5.15), and (5.12) that
1
lim lim = [ |D(a5)| = lim lim [ |Dp(Vpus|v2b.)| = / |D(Vy|vV2b)| + \@/ b — bo|. (5.16)
e—0h—0 h Q e—0h—0 o S y
We can then conclude from (5.13) and (5.16) that
lim lim £ (u5) = €O (y, b). (5.17)
e—0h—0
We note that in view of (5.17), it is clear that for any n > 0 there exists € > 0 and hg > 0 such that
1EM (us) — €O (y,b)| < forall 0 <h < ho.
]

Corollary 5.1. For every sequence {up € Ay : h — 0} of minimizers of th), there exists a subsequence
{up, € Ay :n=1,... and h, — 0 asn — oo} and a minimizer (y,b) € Ao of £©) such that {un, € A; :
n=1,...} converges to (y,b) € Ay in the sense of Definition 5.1.

Proof. We first note that Sl(h) (uo) is bounded independent of h > 0. We can thus prove the existence

of minimizers, u, € A;, of the functional El(h) for fixed h > 0 by using the bounds (5.8) and (5.9), the
compactness and lower-semicontinuity of the BV spaces [20], and Fatou’s lemma.

Since Sl(h)(uo) is bounded independent of h > 0, we have the uniform bound

EM (uy) < EM (ug) < C.
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We let {up, € Ay :n=1,... and h, — 0 as n — oo} be a subsequence such that
lim 51(h")(uhn) = lim inf Sl(h)(uh).
n—oo h—0

We can conclude from Lemma 5.1 that there exists a further subsequence (not relabeled), {up, € Ay :n =
1,... and h, — 0 as n — oo}, and (y,b) € Ag such that {up, € Ay :n=1,...} converges to (y,b) € Ap in
the sense of Definition 5.1. It follows from the lower bound in Theorem 5.1 that

EO(y,b) < lim £ (uy,) = lim inf M (uy,).
Since up € A; are minimizers of Sl(h), we can conclude from the upper bound in Theorem 5.1 that
lim sup;,_,q 51(h)(uh) < EO(y,b), so limy .o El(h) (up) exists and
EO(y.b) = lim & (up).
We can now conclude from the upper bound in Theorem 5.1 that (y,b) € Ay is a minimizer of £(©). (]

We next address the question of I'-convergence of El(h) with respect to the weak convergence in A;. We
start by considering the problem of minimizing & (0)(y, b) with respect to b.

Lemma 5.2. Let y € WHP(S;R3) be such that Vy € BV (S) and y = yo on . Then

inf  EO(y,b)= inf  EO(y,b). 5.18
vt s ) (y,b) e B g5y (y,b) (5.18)
b=bg on v

Proof. Tt is clear that the left-hand side is less than or equal to the right-hand side since the infimum is
taken over a larger space.

To show the opposite inequality, it is enough to show that for any b € BV,,(S;R?) the energy £© (y,b)
can be arbitrarily closely approximated by energies £ (y,b) with b € BV,(S;R?) such that b = by on
~v. However, this follows by applying Theorem 2.2 with ¢ = p and showing that the elastic energy term
fs »(Vyl|b:) again converges to fs d(Vy|b) as in the proof of the second part of Theorem 5.1. |

We next have that the infimum on the left-hand side of (5.18) in Lemma 5.2 is attained for any y.

Lemma 5.3. Let y € W1P(S;R3) be such that Vy € BV (S) and y = yo on . Then there exists a function
b € BV,(S;R?) such that

EOy, )= inf  EO(y,b).

(y,b) e (y,0)

Proof. Since £ is bounded below, we can consider a minimizing sequence {bj}321 C BV,(S; R3); in view
of Lemma 5.2, we can also assume that b; = by on 7 for all 7 € N. Since the variations of the b; and
their LP-norms (and thus also the L'-norms) lie in a compact subset of R, we can use the compactness of
BV (S;R3) [20] and retrieve a subsequence, not relabeled, which converges to a function b € BV, (S;R?)
strongly in L'(S;R?), weakly in LP(S;R3), and almost everywhere in S. In addition, by applying Theo-
rem 2.1, we have

[ IDVulVED) 4 V2 [ o~ ol < timint [ [D(Vy]VE)]
s v j—oo Js
Similarly, applying Fatou’s Lemma to ¢(Vy|b;) gives
[ o(wulb) <timint [ (79l
s j—oo Jg
and therefore
€0y, b) < liminf £ (y, b;)

= inf  EO(y,b).
beB\l/,I,l(S;R3) (v, 0)
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We are now in the position to find the I'-limit of the functionals Sl(h) = %Sh(ﬁ). Given a continuous

u € Aj, we can define the deformation of the midplane
unr (21, 22) = u(z1, 22,0)
and a functional .
i & ,0) ifusg=0a.e. in Q,
) = { el S0 (T =000 im0,
+00 otherwise.

In what follows, C' will denote a generic positive constant independent of h, which can change from line
to line.

Theorem 5.2. The functional 51(0) : A — RU{+oo} is the T-limit of the functionals Sl(h) A — R as
h — 0 with respect to the weak WP (Q1;R3) convergence in Ay; that is,
Lower Bound: given anyu € Ay and any family {u, € Ay : h > 0} such that up — u in WHP(Qq; R3)
as h — 0, we have
& (u) < timint £ (up);
Upper Bound: given any u € A;, there exists a family {up € Ay : h > 0} such that up, — u in
WhP(Q1;R?) as h — 0 and

51(0)(u) > lim sup El(h) (up),
h—0
or equivalently, in view of the lower bound above,

& (w) = lim ") (un).

Proof. Lower Bound. Let u € A; and let {u; : h > 0} C A; be such that up — u in WP (1) as h — 0. If
o (h) _
liminfy,_o & (up) = +00, then

51(0) (u) < liin i(r)lf El(h) (up)

is trivially satisfied.

On the other hand, if liminf;_,¢ El(h) (up) < 400, then we can first consider a subsequence {uy,, }22; such
that
lim th”)(uhn) = liin igf El(h) (up).

Since then th”)(uhn) < C for all n > 1, we have by Lemma 5.1 that there exists b € BV,,(€21; R?) such that
for a further subsequence of {uy, }, not relabeled, we have that

up, —u in WHP(Q;R¥) and by tup, 3 — b in LP(Qy;R?) }
as n — oo,

up, —u in WHH(Q;R?) and Ay tup, 3 — b in LY(Q;R?)
and the convergence is also almost everywhere in Q. It also follows from Lemma 5.1 that v and b
are independent of z3. Therefore, by the definition of 51(0)(u)7 we have for ups(z1,22) = u(z1,29,0) and
bM(Zl,ZQ) = b(Zl,ZQ,O) that
£ (u) < £ (unr, bu)- (5.19)

Using (5.11), Theorem 2.1, and Fatou’s Lemma to control the ¢ term, we have that
EO(ups,bar) = & U |Dp(Vpu|V2b)| + V2 [ |b— b0|] + [ o(Vpulb, 2,0)dz
Ql I Ql
< lim inf Sl(’L”)(uhn)

n—oo

= lim El(hn) (up,,)

n—oo

— liminf &M
*hin_}gfgl (up).

Combining the above result with (5.19) completes the first part of the proof.
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Upper Bound. If u € A; is not independent of z3, then 51(0) (u) = 400 and

51(0) (u) > limsup El(h) (up)
h—0

holds for any family {u; € A; : h > 0} such that uj, — uin WHP(Qy) as h — 0.
On the other hand, if uz = 0 a.e. in Qy, then by Lemma 5.3 there exists b € BV,(S;R?) such that

51(0)(u) = £ (uyy,b). Using the upper bound of Theorem 5.1, there exists a family {us € A; : h > 0} such
that

up, —u  in WHP(Q) as h — 0

and
lim £ (un) = £© (uar, )

= £ (u).
U

We note that the family {u € A; : h > 0} constructed for the upper bound in Theorem 5.2 actually
converges strongly, that is, u;, — u in W1P(€2;) as h — 0. We thus have that the functional 51(0) A —
R U {+o0} is also the T'-limit of the functionals El(h) : A1 — R as h — 0 with respect to the strong
WLP(Qq;R3) convergence in Aj.

We can obtain the following result on the convergence of minimizers of Sl(h) to minimizers of 51(0) by an
argument analogous to that of Corollary 5.1.

Corollary 5.2. For every sequence {up € Ay : h — 0} of minimizers of th), there exists a subsequence
{up, € Ay :n=1,... and h,, — 0 as n — oo} and a minimizer u € Ay of 51(0) such that {up, € A1 :n =
1,...} converges to u € Ay with respect to weak WP (Q1;R3) convergence in Aj.

6. I'-LIMIT OF THE DEAD-LOADED FILM MODEL

We now assume that the film is subject to a dead load T'n on its boundary, 92y, with unit exterior normal
n where T € R3*3 is independent of 2 € €y,. In this case, the energy of the three-dimensional thin film is
given by

éh(a):ﬁ/ \D(ViD)| + ¢(Vﬂ(a¢),x)dm—/ (Tn) -

Qn Qp o

:m/ \D(Vir)| + ¢(va(x),x)da;—/ T.Vi.
Qn

Q h Q h

If the elastic energy density ¢ satisfies the growth condition (3.1), then we can define

¢(Fyx)=¢(F,z)—T-F

and (/3 still satisfies (3.1) for some different positive constants, which we still denote by ¢, ¢o, and c3.
In this case, we define the space A of admissible deformations of the domain €, by

Ah = {ﬂ S Wl’p(Qh;RB) : Va € BV(Q4), / U= O} .
Qp,

The energies of the deformations @ € Ay, of films are again given by (5.2) with ¢(F) replaced by ¢(F)—T - F.
As before, due to the growth condition (3.1), we have

Ay = {ﬂ (= R E(1) < 400, u= 0} C C().
Qp
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The proof of the convergence to a I'-limit for the problem of the dead-loaded film is similar to the proof
for the film constrained on part of the boundary. We start with the rescaled energy g'fh) ‘A >R (defined
by (5.2)-(5.4)), where the space of admissible deformations, A;, is defined by

A = {u € Wl’p(ﬂl;R3) : Vu e BV(Ql),/ u = 0}.
1951
We then show that the I'-limit of é:fh) : A - Ris given by
E0.b) =x [ ID(VOVED|+ [ AV 20d~ [ T (T for () € Ao,
s s s
where the space of admissible deformations is given by
Ao = {(y,b) € WHP(S;R3) x LP(S;R?) : Vy,be€ BV(S), / y = 0}.
s

The proof of the following compactness result for sequences {uy, € Ai:n=1,... and h, —» 0 asn — oo}
is analogous to that of Lemma 5.1.

Lemma 6.1. Suppose that {uy, € A in= 1,... and h,, — 0 asn — oo} is a sequence of deformations
with uniformly bounded energy f:’l(h")(uhn) < C for all n > 1. Then there exists a further subsequence, also
denoted by {up, € Ay :n=1,...}, and (y,b) € Ao such that {uy,, € A1 :n=1,...} converges to (y,b) € Ao
in the sense of Definition 5.1 (with the spaces Ay and Ag replaced by Ay and Ay, respectively). We may
take a further subsequence such that the convergence is also almost everywhere in €.

We have the following I'-convergence theorem.

Theorem 6.1. The functional EO) : Ay — R is the T-limit of the functionals EAl(h) : Ay — R with respect to
the convergence from Definition 5.1.

Proof. Lower Bound. Let (y,b) € Ay and let {u, € A; : h > 0} converge to (y,b) in the sense of
Definition 5.1. Consider a subsequence {up, }°2; such that

lim f:'l(h")(uhn) = liin iglf é’l(h)(uh)

n—oo

and such that Vpuy, — Ve and h, tup, 3 — b almost everywhere in Q as n — co. Using (5.11), the lower
semicontinuity of the total variation, and Fatou’s Lemma to control the ¢ term, we have that

EO(yb) = & / D (Ve V2D)]| + / o(Vpilb, 2,0) dz — / T (Vpilh)
Q1 Q1 S
< liminf éfh”)(uhn)

n—oo
= 1im &"(un,)
i ing £
iminf &7 (up),

which establishes the first part of the theorem.
Upper Bound. To prove the upper bound, one should again consider deformations of the form y(z1, z2) +
hz3b(21, z2); as before, such deformations do not belong to A;, because b does not belong to W1?(S;RR?).

However, we can find a family of functions b, € C*°(S;R3) € W?(S;R?) such that b, — b almost everywhere
in S and in LP(S) as ¢ — 0 [14], and

nn%/ |D(Vy|f2b€)|:/ |D(Vy|vV2b)). (6.1)
e=0/g s
Consider now the functions

wy, (21, 22, 23) = y(21, 22) + hzsbe(z1,22)hzs € A1 for 0 < h <1,
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and their mean-zero translations

1
1] Ja,
We can now apply the same argument as in the proof of the upper bound in Theorem 5.1 to conclude that

m lim (") (u5) = £0)(y,b),

li
e—0

uj, = wy, — wy, dz € A;.

from which it is clear that for any n > 0 there exists € > 0 and hg > 0 such that
1EM (us) — €Oy, b)| < forall 0 <h < ho.
O
We can obtain a result on the convergence of minimizers of El(h) (u) to minimizers of £ (y,b) by an
argument analogous to that of Corollary 5.2.
The I'-limit of ffl(h) : A1 — R can again be obtained by minimizing out b in the energy £0©) (y,b). The

existence of a minimizing b can be shown by using the direct method of the calculus of variations as in
Lemma 5.3.

Lemma 6.2. Let y € W'P(S;R3) be such that Vy € BV (S) and [qy = 0. Then there exists a function
b € BV,(S;R3) such that

(0) (4 b)) = i ¢(0)
g (y> b) - bEB&II,I(fS;RQ‘) 5 (y7 b)

Proof. Since £(©) is bounded below, we can consider a minimizing sequence {b; }52, C BV,(S;R?). Since the
variations of the b; and their LP-norms (and thus also the L'-norms) lie in a compact subset of R, we can
use the compactness of BV (S;R?) and retrieve a subsequence, not relabeled, which converges to a function
be BV,(S;R?) strongly in L'(S;R3), weakly in LP(S;R?), and almost everywhere in S. From the lower
semicontinuity of the total variation, we have

/ ID(Vy|V2H| < li_minf/ ID(Vy|V2b, .
s j—eo Jg
Similarly, applying Fatou’s Lemma to ¢(Vy|b;) gives

[ [owu) =7 (o] < timint [ 1o(Talbs) = - (Tulb),
and therefore
EO (y,b) < liminf £ (y, b))
J—00

— inf Oy,
beB\gl(s;RS) (v,0)

Next, we define a functional
min é(o)(uM,b) ifus=0a.e. in Qy,

() = { beBV,(siE?)
400 otherwise.

Theorem 6.2. The functional 6:1(0) : Aj — RU {+o0} is the T-limit of the functionals é’l(h) : A > R as
h — 0 with respect to the weak WP (Qq;R3) convergence in A;.

Proof. Lower Bound. The proof is similar to the proof of Theorem 5.2. Let u € A; and let {up : h >0} C A
be such that up, — u in WhP(Q;) as h — 0. If liminf,_o él(h)(uh) = 400, then

él(o)(u) < liin i(l;lf é’l(h) (up)

is trivially satisfied.
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On the other hand, if liminf,_,o él(h)(uh) < +00, then we can first consider a subsequence {us, }o°, € A;
such that ) "
. plha e (R
nh_)rr;o E N (up,) = h}ln_%lf Er (up).
Since then éfh")(uhn) < C for all n > 1, we have by Lemma 6.1 that there exists b € BV,,(€21;R?) such that
for a further subsequence of {uy, }, not relabeled, we have that

up, —u in WHP(Q; R and A tup, 3 — b in LP(Q;R?)
as n — 00,
up, —u in WHH(Q;R?) and Ay tup, 3 — b in LY(Q;R?)

and the convergence is also almost everywhere in Q;. It also follows from Lemma 6.1 that v and b are
independent of z3. Therefore, we have for uys (21, 22) = u(z1, 22,0) and b (21, 22) = b(21, 22,0) that

<‘f§0) () < EO (upr, bag). (6.2)

Using (5.11), the lower semicontinuity of the total variation, and Fatou’s Lemma to control the ¢ term, we
have that

£<0>(UM,bM):n/ \Dp(vpu|\/§b)|+/ qi)(Vpu\b,é,O)dzf/ T - (Vpulb)
Q1 Q1 (o1

< liminf él(h”) (up,,)

n—oo

= lim f:'l(hn) (up,)

n—oo

— liminf £
711}31_}%)11‘51 (up).

Combining the above result with (6.2) completes the first part of the proof.

Upper Bound. If u € A; is not independent of z3, then él(o)(u) = 4o00; taking up, = u for all h > 0
produces a family in A; such that limy,_o c‘:’l(h)(uh) = c‘:’l(o)(u) = +o00.

On the other hand, if uz = 0 a.e. in €, then by Lemma 6.2 there exists b € BV, (S;R?) such that

ffl(o)(u) = £ (ups,b). Using the upper bound of Theorem 6.1, there exists a family {u; € A; : h > 0} such
that
up, —u  in WHP(Q) as h — 0

and

Jim & (un) = £ (urr, D)

O

We note that we can obtain a result on the convergence of minimizers of El(h) to minimizers of 51(0) by an
argument analogous to that of Corollary 5.2.
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