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Dedicated to Jim Douglas, Jr., on the occasion of his 75th birthday

APPROXIMATION BY PIECEWISE CONSTANT FUNCTIONS IN
A BV METRIC

PAVEL BELIK AND MITCHELL LUSKIN

ABSTRACT. We study the approximation properties of piecewise constant func-
tions with respect to triangular and rectangular finite elements in a metric
defined on functions of bounded variation. We apply our results to a thin film
model for martensitic crystals and to the approximation of deformations with
microstructure.

1. INTRODUCTION

In mathematical models for crystal microstructure [1,2,27], the deformation gra-
dient is nearly piecewise constant in space to enable the deformation to attain a
low energy. The length scale of the microstructure is limited by a surface energy
associated with the transition from one piecewise constant variant phase to another
piecewise constant variant phase [1,27]. Motivated by these models, numerical
methods have been developed and utilized that approximate the deformation gra-
dient by piecewise constant functions and that minimize an energy that includes
both an elastic energy and a surface energy proportional to the total variation of
the deformation gradient [8].

In this paper, we give approximation results for piecewise constant functions in a
metric for functions of bounded variation. We consider these results in the context
of a thin film model for martensitic crystals.

We have developed numerical methods for the computation of microstructure in
martensitic and ferromagnetic crystals and validated these methods by the devel-
opment of a numerical analysis of microstructure [4,6,7,14,27-30]. Related results
are given in [10,12,14,20-26,31, 32].

2. DEFINITIONS OF BV SPACES

In this section, we give the relevant definitions for functions of bounded variation
and establish some notation used throughout this paper. Recall that, for a bounded
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Lipschitz domain  C R™ and for a given m € N, the space BV (Q) of L(Q)-
functions of bounded variation mapping € to R™ can be defined [9] as the set of
functions w € L'(Q; R™) such that [, [Dw|i < co, where

[ 1Dl - sup{ZZ [ oty

=14=1 (2.1)

Y € CHOR™ ™), |ah(x)|p <1 for all x € Q}

Here, |.|x denotes the ¢;/ vector norm and k' = k/(k — 1) is the dual exponent to
k. (Whenever the index k is omitted, it is understood that k = 2.) Due to equiv-
alence of norms on finite-dimensional vector spaces, the above definition of BV ()
is independent of k, which may be assumed to take values in [1, 0c0]. Equivalently,
if we define the norms

Jwll v, 0 = lwllzagey + [ 1wl for 1 <g <ox,
Q

then w € BV(Q) if and only if ||w| gy, , (@) < oo for some k € [1,00]. The space
BV (), when equipped with the norm ||.|[gy; ,(q), is a Banach space. The range
of the functions in the spaces L%(Q2) and BV (£2) should be clear from context and

will usually not be denoted explicitly.
More generally, we can define the spaces BV, ()
BV,(Q) = LY(Q) N BV (Q

With this notation, we have that BV (Q2) = BV;(Q).
Since £y is the dual space to £, we have for smooth functions w that

/|Dw|k:/ IVl
Q Q

1/k

for 1 < g < oo by

)-

where
Vwl = | Y Jwi ;"
1)
If w jumps across a smooth interface S which divides §2 into two parts, 1 and s,
on each of which w is smooth, then

wi(2)ijj () de = [ [wi(o) Ji; (o)n; (o d(f—z wij (€)ij (x) da
J J 1,

where [w;(o)] denotes the difference of the traces of U}i|QQ and w;|g, on S and
n denotes the normal vector to S pointing out of 9 such that |n|o = 1. If w is
constant on 27 and s, then we have that

/Qwi(a?)wij,j(ir) do = [[wi]]\s/swj(a)nj(a) do,

and since { is the dual space to ¢j, we have in this case that

/Q|Dw|k = \[[w]]\s\k/sm(aﬂk do-
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If, in addition, S is planar, then n is independent of 0 € § and we have that

/Q|Dw|k = ‘[[w]]‘s‘k |n|, areaS.

We note that |n|j for [n|2 = 1 depends on the orientation of n unless k = 2. This
corresponds to the fact that [, [Dwly is frame-indifferent only if k = 2.

3. APPROXIMATION RESULTS FOR THE THIN-FILM MODEL

In this section, we address some approximation issues concerning the total-
variation thin-film model rigorously derived in [9] from a three-dimensional energy
with the surface energy modeled by the total variation of the deformation gradient.
For our total-variation surface energy model, the bulk energy for a film of thickness
h > 0 with reference configuration ), = Q x (—=h/2, h/2), where Q C R? is a do-
main with a Lipschitz continuous boundary 0€2, is given by the sum of the surface
energy and the elastic energy

Ku/ﬂ DVW)| + [ é(Vu,6), (3.1)

Qp
where u : Q, — R3 is a deformation, fQ} |D(Vu)]| is the total variation of the
deformation gradient, « is a small positive constant, 6 is the fixed temperature, and

#(Vu,0) is the energy density. We assume that the film adheres to a rigid material
on its edge I'p, = 00 x (—=h/2, h/2), and is thus constrained by

w(x1, x2,x3) = Yo(x1, x2) + bo(z1,22)xs  for (w1, x2,x3) € T,

where 99, by € WHP(Q;R3) are such that Vyg, Vbg € BV ().
We have shown in [9] that energy-minimizing deformations u of the bulk en-
ergy (3.1) are asymptotically of the form

u(zy, 2, w3) = y(21, T2) + b(w1, 22)T3 + 0(23)  for (21, z2,73) € QU

where (y,b) minimizes the thin film energy

)= ([ IDOOVED|+VE [ p-tol) + [ owue) 32

over all deformations of finite energy such that y = yo on 9€2. Since the temperature
6 will be considered as a given variable in this paper, we will not explicitly denote the
dependence of the energy £(y,b) on the temperature. The graphical interpretation
of the pair (y, b) is given in Figure 1. We denote by (Vy|b) € R3*3 the matrix whose
first two columns are given by the columns of Vy and the last column by b. In the
above equation, [, |D(Vy|v/2b)] is the total variation of the vector-valued function
(Vy|v2b) : Q@ — R3*3,

We assume that the energy density ¢ : R3*3 xR — [0, 00) is a continuous function
satisfying the growth condition

ci(|[FIP —1) < ¢(F,0) < ca(|[F|P +1) for all F € R**3 and 6 € R, (3.3)

where ¢; and co are fixed positive constants. We will also assume that p > 3 to
ensure that deformations with finite energy are uniformly continuous. We then
denote the space A of admissible deformations of the thin film to be

A={(y,b) € W'P(Q;R?) x LP(4R?) : Vy,b€ BV,(Q), y=1yo on 9Q}. (3.4)
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FIGURE 1. A graphical description of the deformation of a three-
dimensional thin film of thickness 0 < h < 1. The map y gives
the deformation of the planar mid-section, €2, of the film, while b
describes the deformation of the cross-sections.

Numerical simulations using finite element methods should be designed so that
they approximate both the energy of the deformed film, £(y, b), and the deformation
of the thin film, (y,b) € A. While it is clear what it means to approximate the
energy, it is not obvious in what sense one should approximate the deformation pair
(y,b). To understand this better, we will make several observations.

Using the definition (3.4) of the space A of admissible deformations of the thin
film, one might consider approximating the solution in a variant of the BV}, 2(2)-
norm. However, this would fail even in the simplest case of approximating w(x) = x
for x € (0,1) by piecewise constant functions—mno matter how the approximating
functions are chosen, on each subinterval of (0,1) where the approximating func-
tion, w, is constant, the difference w — w has variation equal to the length of the
subinterval, hence the total variation of w — @ is at least 1. Another possibility
for w = (y,b) € A would be to approximate y in WP(Q) and b in LP((2), but the
total-variation part of the energy would then not be controlled.

To study the numerical approximation of (3.2), we will consider the metrics on
BV, () given by

P k(w1,we) = w1 — w2 La(a) + ’/ | Dwi |k —/ | Dwa |, (3.5)
Q Q

for k € [1,00]. This is partially justified by the conclusion of Lemma 4.1 that func-
tions in BV, () can be approximated arbitrarily closely in this metric by functions
in C*(2) N BV, (). Also, for the example w(x) = x above, if wy, is defined as,
say, the L2-projection of w into the space of piecewise constant functions defined
on a partition of (0,1) into disjoint intervals of length at most h > 0, then clearly
limy, 0 pg.k(w, wy) = 0.

We shall now provide some results that will shed light on the way in which one
should approximate the thin-film problem. We start with two lemmas that will be
used in the theorem below. These results have been proved in [9] (the first one in
a slightly more general form).



APPROXIMATION BY PIECEWISE CONSTANT FUNCTIONS IN A BV METRIC 5

Lemma 3.1 (Lower semi-continuity). Let Q@ C R? be a bounded domain with a
Lipschitz continuous boundary. Let b,by, € BV (Q), k=1,2,..., satisfy

kli_{{)lo llbx — bl L1y = 0,

and assume that there exists by € BV (Q) such that by, = by on 9Q for all k. Then,
for any v € BV (), we have

[ 1DEVEY+VE [ b=t < timin [ D0IvEL)L

Lemma 3.2 (Approximation). Let 1 < g < oo and let  C R? be a bounded domain
with a Lipschitz continuous boundary. Let by € W14(Q) be such that Vby € BV, (Q),
let b € BV,(Q), and let v € BV,(Q)). Then there exists a family {b.} C Wh1(Q)
with Vbe € BV,(Q) such that be = by on 0Q for every e >0, and

gi_{% llbe = bl La() = 0,

tim [ 1D0IVED) = [ 1D@IVED]+VE [ bl

Theorem 3.1. Let {(yx,br)} C A be a given sequence of admissible deformations
of the thin film.
(a) Assume that

(yoobi) — (0,b) in WP() x LP(Q),
/ ID(VyelVEbi)| — / ID(Vy|V2D)
Q Q

as k — oo or, equivalently,

pp.2 (Vyg,br), (Vy,b)) = 0  ask — oo.

(3.6)

Then we have convergence of the energy, that is, there exists a subsequence of
{(yk,br)}, again denoted by {(yk,bx)}, such that

E(yr,br) — E(y,b)  as k — oo.
(b) Assume that {(yk,br)} is an energy-minimizing sequence, that is,

E(yr,bx) — min E(7,b) as k — oco.
(g,b)cA

Then there exists a subsequence of {(yr,bx)}, again denoted by {(yx,br)}, and a
pair (y,b) € A such that

(y,be) = (y,b)  in WP(Q) x LP(Q),
(y,bk) — (y,0)  in WH1(Q) x L'(9),
/|D(Vyk|\/§bk)|+\/§/ |bk—bo|—>/ |D(Vy|\/§b)|+\/§/ 1b— bo|
Q o0 9] o0

as k — oo. Moreover, (y,b) minimizes the energy functional, that is,

(Q,b cA k—oo

(3.7)
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Proof. (a) That (3.6) implies (3.7) follows from Theorem 2.11 of [19], which says that
the convergence of a sequence in L*(£2) and the convergence of its total variation
implies the L'-convergence of the traces on 9 of the sequence. The convergence
of the elastic part of the energy

/¢(Vyk|bk) — / #(Vylb) as k — oo.
Q Q

follows from the dominated convergence theorem using the upper bound (3.3) from
growth of the energy density ¢ and the assumption that (Vyg,br) — (Vy,b) in
LP(Q) x LP(Q).

(b) We give here a sketch of the proof for which more details can be found in [9].
Using the lower bound from the growth estimate (3.3) on the energy density ¢, the
compactness theorem for functions of bounded variation, and the trace theorem,
we have that there exists a pair (y,b) € A and a subsequence of {(yx,bx)}, again
denoted by {(yk, bx)}, such that

(yku bk) - (y, b) in Wl)p(Q) X LP(Q),
(ykabk) - (yab) in Wl’l(Q) X Ll(Q)a
(Vyg,br) — (Vy,b)  almost everywhere in Q.

Using the approximation Lemma 3.2, we can construct, for every k, a one-parameter
family

{b5 e WHP(Q) : £ >0, Vb € BV(Q), b5, = by on 90}
such that
b; — by in LP(Q),

as e — 0.
[ 10nvER) — [ 1DTwVEb) +VE [ b bl
Q Q o0

For every k, we can find €5 > 0 such that
Jim 3" = bllpre) =0
and

‘/Q|D(Vyk|\/§bk)|+\/§/89 |bk—bo|—/Q|D(Vka|\/§b2k)|‘ -0 (38)

as k — 0o. Then, since bi* = by on 9, we can use the semi-continuity Lemma 3.1
and (3.8) to obtain

[ 1DuVEnVE [ b tol < tmint [ |D(TuIVES)
Q o0 k—oo Jo
= lim inf U |D(Vyk|\/§bk)|+\/§/ |bk—b0|].
k—oo |Ja 2Q

Similarly, using the almost-everywhere convergence of (Vyyg, bi), continuity of the
energy density ¢, and Fatou’s lemma, we have

$(Vy[b) < lim in / (Vylbr)-
Q k—oo  Jo
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Therefore, since {(yx, bx)} is an energy-minimizing sequence, we have that

£(y,b) < liminf [/ |D(Vye|V20e)| + V2 [ bk —boq +likminf/ (Vy|br)
— Q - JQ

[219]

< lim inf [/ |D(Vyk|\/§bk)| + \/5/ |bk — b0| +/ ¢(Vyk|bk)]
k—oo | /o 90 Q
< likminfé’(yk, br) < E(y,b),

and that (y,b) is a minimizer of £. It then also follows that, in fact, for a further
subsequence of {(yx, bx)} we have that

lim [/Q|D<Vyk|\/§bk>|+ﬁ/m|bk—bo@ = [ IDuvan+v2 [ b

and
dm [ o) / H(Vylb).
O

Remark 3.1. An example that (5.7) does not imply (3.6) can be constructed as
follows. Let © = (0,1) x (0,1), bg =1, b= 0, and bg(x1, 1) = 28~y — 1/2|F for
(x1,22) € Q. Then by, — b in LP(Q) for 1 < p < oo and for yx(z) = y(z) = z we
have

/|D<Vy|ﬁb>|:o, / b—bo| = 4,
Q oN
/|D(Vyk|\/§bk)|:\/§, / by, — bo| — 3,
Q onN

so that

/|D(Vyk|\/§bk)|+\/§/ b — bo| — [ |D(Vy|vV2D)|+v2 [ |b—bol,
Q o0 Q

o0
but

/ D(VyeVabe)| £ / ID(Vy|V2b).
Q Q

Remark 3.2. It follows from the first part of Theorem 8.1 that if one uses fi-
nite element subspaces of A that allow approzimating elements of A in the metric
pp,2(-,-) as defined in (3.5), where wi = (Vyi|b1) and wa = (Vyz|b2), then one can
also approzimate the energy, £.

On the other hand, if one only knows that the minimum energy can be approxi-
mated in the sense of the assumption of part (b) of Theorem 3.1, then one can only
conclude that (3.7) holds, but not necessarily (3.6), as was illustrated in Remark 3.1.

4. APPROXIMATION OF BV FUNCTIONS BY PIECEWISE POLYNOMIAL FUNCTIONS

In this section, we address the issue of approximating functions in BV () by
piecewise polynomial finite element functions. Many papers have been devoted to
the approximation of functions of bounded variation in the metrics pq (-, -), mostly
for ¢ = 1,2 and k = 1 (for example, [11,17,18]). Reasouns to justify the choice k = 1
have been given, and we will mention them below. However, there are also good
reasons to use the metrics corresponding to £k = 2. One of them is the fact that
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the total-variation part of the energy functional (3.2) is frame-indifferent only when
k = 2, and frame indifference is an important assumption in continuum mechanics.

A related reason, equally important, is that the total variation is used to model
surface energy and the surface area is measured correctly only when k& = 2 [19].
More precisely, if £ C R” is a bounded set with a boundary OF that is of class C?
and if x g is the characteristic function of E, then xg € BV (R"™) and

/ |DxEe| = Hn-1(0F),
Rn

where H,,—1 denotes the (n — 1)-dimensional Hausdorff measure. This would not,
in general, be the case for k # 2. An important consequence of this fact is the
appearance of the boundary integral in the 2-dimensional thin-film model (3.2).

Much of the research on the approximation of the total variation has been devoted
to image processing and to rectangular Cartesian grids [11,15,17,33]. On the
other hand, we shall be mainly concerned with polygonal domains Q C R? and
triangular finite elements with applications in continuum mechanics. This allows
more flexibility of the underlying geometry and also allows adjusting the finite
element mesh to features of the solution. As an example, in our earlier simulations
of the behavior of martensitic thin films [3,6,8], the solution was expected to change
phase across the diagonals of the square computational domain. If a feature like
this is known a priori, there is no reason to use a mesh that does not conform
to this feature. However, it is not possible to simultaneously orient rectangular
elements to these variant phase boundaries and to the crystal boundary. Hence,
much finer Cartesian meshes are needed to capture the variant phase boundary to
the accuracy that can be obtained from appropriate triangular meshes. Moreover,
as we will see later, rectangular finite elements would, in general, fail to approximate
the energy (3.2).

Our ultimate goal is to understand the approximation properties of piecewise
constant functions in metrics using the total variation. However, we first address
the case of approximating functions of bounded variation by continuous piecewise
linear functions. This case turns out to be much simpler than for piecewise constant
functions. Let us first recall some general results (see, for example, [11,19]).

Lemma 4.1 (Approximation in BV () by smooth functions). Let 1 < ¢ < oo, let
1 <k < oo, and let Q be a bounded open set in R™ with a Lipschitz continuous
boundary, OS2.

(a) For every v € BV,(Q), there exists a sequence {v;} C C>(Q2) such that

lim |lv; —v||La@) =0,
j—o0

lim |va|k=/ Dol
Q Q

j—o0
or equivalently,
lim pgx(vj,v) =0.
j—00

Moreover, the trace of each v; on 0 coincides with the trace of v.
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or every v € , there exists a sequence {V;} C Q) such that
b) F BV,(9), th b C>(Q h th

lim [|9; — v Laga) =0,
j—oo

lim |D5j|k :/ |Dv|k,
or equivalently,
lim pgx(vj,v) =0.
j—oo
Remark 4.1. Note that in part (b) we cannot have the result on the traces of v;

as in part (a). However, it follows from Theorem 2.11 of [19] that the traces of U;
converge to the trace of v in L*(0€2).

With this lemma in hand, we can now prove the following result (see [11,15]).
The finite-element terminology can be found in [5,13].

Theorem 4.1. Let Q C R™ be a polygonal domain, let k € [1,00], let hg > 0, and
assume that a regular (or quasi-uniform) family {T, : 0 < h < ho} of triangulations
of ¥ is given such that the mesh-size of T is at most h. Let A} denote the space
of continuous piecewise linear functions corresponding to the triangulation 7y,. Let
u € BV, () for some q € [1,00). Then there exists a family {up, € A} : 0 <h < ho}
such that

pak(u,up) =0 ash— 0.

Proof. Recall first that if v € C*°(Q) and if v € A} is its piecewise linear inter-
polant, that is, v = Il v at the vertices of the triangulation 7, then there exists a
constant C'(v), depending on v but independent of h, such that [13]

lv = Ipv|lwra) < C(v)h. (4.1)
Also, given € > 0, we can use Lemma 4.1 and choose v. € C*({2) such that
Pa. (U, ve) < €/2.
Now, in view of (4.1), we can find ho(e) > 0 such that
Pak (e, IIpus) < e/2  for all h < ho(e).

The theorem now follows from the triangle inequality. ]
Remark 4.2. Since the finite element spaces of discontinuous piecewise linear func-
tions contain the spaces of continuous piecewise linear functions, Theorem 4.1 also

holds in the discontinuous piecewise linear case. Theorem 4.1 will be used in proving
a similar result for piecewise constant functions when k =2 (Theorem 4.3).

We now proceed with the analysis for approximating functions of bounded vari-
ation by piecewise constant functions. Let us first note that since

zl, < |z forr e R" and 1 < p < g < o0,
q P

we also have

/ |Du|, < / |Dul, forue BV(Q)and1l<p<qg<oo. (4.2)
Q Q
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These inequalities can be strict; for instance, if u(z1,z2) = x1 4+ z2 for (z1,z2) €
2 =(0,1) x (0,1), then it can be checked that

|Duly, = 21k for 1 < k < oo,
Q

where, as usual, 1/0c0 is defined as 0.

The inequality (4.2) is the reason one cannot approximate a general function u
of bounded variation by piecewise constant functions u corresponding to Cartesian
grids (of mesh-size h) in any of the metrics pq , with & > 1 [11,17]. Due to the fact
that all of the vector norms | .|, 1 < k < oo, give identical values for the vectors
of the canonical basis of R", it is easily seen that on such meshes we have for all
scalar-valued functions wu that

|Dup |, = / |Dup|p, forall 1 < kq, ke < 0.
Q Q

Hence, if u is such that [, [Dulr, < [, [Dul; for some kg > 1 and if up, — w in
LY(Q), then

/|Du|k </ |\ Duls gnminf/ |\ Dunly zliminf/ Dunls  (4.3)
Q Q h—0 Q h—0 Q

for all k € [ko,o00]. The second inequality in (4.3) follows from the lower semi-
continuity of the total variation [16,19]. Moreover, we see in the following Theo-
rem 4.2 that for a special choice of up, this inequality can be turned into equal-
ity [11,17].

Theorem 4.2. Let hg > 0. Let {7, : 0 < h < hg} be a family of Cartesian
triangulations of Q) such that the mesh-size of Ty, is at most h. Let Vi, 0 < h < hg,
denote the spaces of piecewise constant functions corresponding to the grids 7. Let
u € BV,(Q) for some q € [1,00). Then there exists a family {up € V3, : 0 < h < ho}
such that

pg1(u,up) — 0 as h — 0.

The above theorem and the considerations preceding it provide a complete de-
scription of approximation of functions of bounded variation by piecewise constant
functions on Cartesian grids. The following example shows that this theorem fails
for non-Cartesian rectangular grids.

Example 4.1. Consider the domain Q = {z = (21, 22) € R? : |21|+ |22| < 1} and
the function u : @ — R defined by u(x) = 0 for 1 < 0 and u(z) = 1 for z; > 0.
Then

|Dulp, =2 for 1 <k < oo.
Q

For each n € N, let h = /2 /2™ and define a grid on €2 by subdividing it into square
elements of edge length h (Figure 2). Then the normal vectors to each edge are

given by n = (1/v/2, £1/4/2) so that

In| = 2Y/F71/2,
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gence in Example 4.1.

and we have that |n|k, < |n|g, for 1 < ki < k2 < co. We then have for any
(non-constant) piecewise constant function w on this grid that

/ | Dup |k, </ |Dup |, for 1 <k <ke < o0,
Q Q

and we thus have for such a sequence uy — u in L1(Q2) as h — 0 that

/|Du|1:/ | Dulk, §liminf/ | Dup |y <liminf/ |Dup |k,
Q Q h=0 Jq h=0 Jq

for 1 < k1 < ko < 0o. Hence, we see that in this case the only candidate k to obtain
convergence of up, to u in the metric p; ; is £ = oco. Dividing Q into two parts as
shown in Figure 3 and defining u, = 0 in the left part of 2 and u;, = 1 in the right
part of Q, we see that |[up ]| = 1 across the dividing curve, whose length converges
to 24/2. Since In)oo = 1/\/57 we have for 1 < ¢ < oo that

up, — w in L1(Q),

\Du,| 5 /|D | as h — 0 for h = v/2/2".
Uh|loo —™ &4 = U|oco
Q Q

We now proceed with the case of triangular meshes. This issue has been raised
in [11] and to some extent answered in [17]. While it is clear that the same approxi-
mation result as in Theorem 4.2 holds for triangular meshes obtained by partitioning
Cartesian grids, it is more interesting to allow more general grids and also allow
metrics other than py ; with k = 1.

Example 4.2. We can obtain a counterexample to the approximation in pg,; for
1 < k < oo by piecewise constant functions on triangular meshes by considering
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FIGURE 4. Triangular meshes used in Example 4.2.

FIGURE 5. Meshes 71, T2, 73, and 74 defined in Example 4.3.

the function u(x) defined in Example 4.1 and by dividing each square element in
Figure 2 into two triangular elements by a horizontal edge as shown in Figure 4.
We then see that

/ | Dup, |, </ |[Dup|p, forl <k <ks<oco
Q Q

unless uy, is constant on each of the strips jh < xo < (j+1)hfor j = =27, ..., 2"—1.
If up, — win L1(2) as h — 0, we have again that

/|Du|1 :/ | Dulk, §liminf/ |Dup |k, <liminf [ |[Dup|s,
Q Q h=0 Jqo h=0 " Jq

for 1 < kq < ko < o0.

Finally, the sequence uj of piecewise constant functions with respect to the rect-
angular mesh constructed in Example 4.1 such that u;, — u in p; . can also be
used for this example since each uy is also a piecewise constant function on the
triangulation.

Example 4.3. We next show that a statement similar to that of Theorem 4.2
cannot hold for triangular meshes and 1 < k£ < co. We shall consider the domain
Q= {z = (r1,72) € R? : |z1| + |22| < 1} and the function u : Q — R defined by
u(z) = x1 + x2. We note that Vu(z) = (1,1) so that

/ |Duly, = 2% |Q) = 214Y* for 1 < k < oo
Q
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We shall assume that a sequence of triangulations {7, }7% is given such that the
edges of 7,, are formed by the boundary of €2 and the lines

ZEQZi/Qn fori=-2"+1,...,0,...,2" — 1.
$2:£E1+i/2n

(See Figure 5.) Notice that each 7,41 is a refinement of 7,, that the diameter
of the largest triangle of 7, is 2'/2~" and that all triangles in each triangulation
are similar; hence, if hg > 0, we can define a regular (or quasi-uniform) family of
triangulations {75 : 0 < h < ho} by

o if 2%/2 < h < hy,
Th —
T if 21277 < h <2327 " forn e N.

We now consider the spaces A9 of piecewise constant functions corresponding to
the triangulations 75,. We claim that

0=lim inf Jiip) < lim inf Jiip)  for k> 1. 4.4
fim, in Azpq,l(u in) Jim, o Azpq,k(u up)  for (4.4)

Clearly, the equality in (4.4) follows from Theorem 4.2. To show the strict inequality
in (4.4), we shall assume the existence of a family {uy, € A9} such that

]yi%pq,k(uaﬁh) =0 (4.5)

and obtain a contradiction. Since the sequence {@y} converges to w in L(Q), it
does so also in L'(Q2). If we can modify each u; to obtain u, € A9 such that
up, is constant across the diagonal edges o = x1 + /2" of the triangulation 7,
corresponding to A%, and such that (4.5) implies

}llii%pl,k(uauh) =0, (4.6)

then we obtain a contradiction, since, in view of (4.3), the total-variation part of
ka(u, uh) cannot converge to zero.
To construct uy from iy, let N = 27*! and consider the N parallel strips

Si={(r1,22) €Q: 21 +i/2" <za <z + (1 +1)/2"} fori=-2"...,2" - 1.
We define

Ui|Si = ﬁh|Si fori=-2",...,2" — 1,
and then extend each v; to 2 by repeated reflection about the lines 3 = 1 + j /2"
for j = —=2" +1,...,0,...,2" — 1. That is, for (z1 — s,21 + &= + s) € S; with
0 < s <1/2"*! we have that (z1 + s,21 + 5= — s) € S;_1 and (see Figure 6)
J _ J
vi(:zrl—s,z1—|—2—n+s)—vi(a:1+s,x1+2—n—s). (4.7)
Finally, we define uy, to be the average of the v;,

1 N
Up = N Z'U»L'.
i=1
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(x1— 58,21+ 5= +5)

(z1, 21+ £)

($1+S,$1+2]—‘n—8)

FIGURE 6. The construction of v; by (4.7).

Then, using the symmetries of u and the v;, we have that

1 N
/Q|u—uh|=/9u—N;vi
% [
e
N
=3 [
i=1" 5
N
=30 [
=175

:/ o — i,
Q

so up — u in L1(Q) since 4j, — u in L1(Q).

Also, since uj, was constructed so that it has no jumps across the diagonal edges,
all of the variation of uy is associated with the edges parallel to the coordinate axes.
We can associate these edges parallel to the coordinate axes into the piecewise linear
curves

Ly = Ufzjénegi for ¢ =1,...,2""1

obtained by reflecting an edge ep; C S; about the lines xo = x1 + /2" for i =
—-2"+1,...,0,...,2" — 1 to obtain ep;—1 C S;—1. Then since |es| is independent
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of £ and i, we have that

gntlon_g

[ Db =3 3

=1 i=1

esil

2n+1 27171

In view of the lower semi-continuity result fQ |Dulr, < liminfp_g fQ | Dup |, and the
convergence [, |[Dtnlx — [ |Dulx, we have that

/|Duh|k—>/|Du|k as h — 0.
Q Q

We have thus demonstrated that (4.6) holds.

From Example 4.3, it is clear that it is not enough to just keep refining the mesh
to obtain better results. However, it is not immediately obvious whether there exist
families of triangular meshes for which a variant of Theorem 4.1 with A} replaced
by AY holds. It is shown in [17] that if Q is discretized with a smooth curvilinear
grid and the grid conforms to the level curves of w, then such an approximation
result holds with £k = 2. We present a different approach, providing a basis for a
numerical algorithm. For the sake of clarity of exposition, we first present the result
with £ = 2 and then the general result.

Theorem 4.3. Let Q C R™ be a polygonal domain and let hy > 0. Then, given a
scalar-valued u € BVy(Q) for some q € [1,00), there exists a family {m : 0 < h <
ho} of triangulations of Q0 such that the mesh-size of T, is at most h, and functions
up, € AY, where A9 denotes the space of piecewise constant functions corresponding
to the triangulation Ty, such that

pg2(u,up) — 0 as h — 0.

Proof. From Theorem 4.1, we know that for any regular family {7, : 0 < h < ho}
of triangulations of 2 there exists a family of functions 1y, € A}, where A} denotes
the space of continuous piecewise linear functions corresponding to the triangulation
Tn, such that

pg2(u,ip) — 0 ash— 0.
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(a) (b)

FIGURE 7. (a) The piecewise linear level curves L. (b) A new
triangulation obtained from the piecewise linear level curves.

For each h, we show that there exists another triangular mesh, 73, and a function
up, € A), where A9 is the space of piecewise constant functions corresponding to
Tn, such that u;, approximates u; arbitrarily closely in the metric pg 2. This will
establish the claim of the theorem.

We define m, M € R by

m = min Gy (x) and M = max ap(z).
z€Q e

For n € N, we define the (piecewise linear) level curves (see Figure 7(a))
N i )
L} =0{z € Q: up(x) :m—|—2—n(M—m)} fori=0,...,2".

We note that we have defined L} to be the boundaries of the level sets of . The
reason is that a new triangulation 7;' will be defined for all n such that the union
U2, L7 will be a subset of the set of all edges of the new triangulation, and hence
it is necessary to avoid cases when the level sets have nonempty interior. However,
this only happens when Vi, = 0 on some triangles of 7.

Next, we define a piecewise constant function uj in the following way. If the
level set {z € Q : dp(xr) = m + 57 (M — m)} has a nonempty interior, set uj

equal to m + 57 (M — m) in the interior of the set. For all 2 € € such that
m+ o (M —m) < ap(z) < m+ (M —m), we set uf(z) equal to m~+ 34 (M —m),
that is, the average of the values on the level curves. Then, clearly, u} — up
uniformly in ©Q as n — oo.

Let us denote by T the (open) triangles and by e the edges of the triangulation
7n, and write e C § for the internal (non-boundary) edges of 7,. We note that
since V1, is constant within each triangle T' € 73, the level curves L} are parallel

and separated by a uniform distance A% within each T (see Figure 8). Let also |T|
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FIGURE 8. The level curves L} separated by the distance h7. within
each triangle T € 7p,.

denote the area of T, and let |L?| and |L? Ne| denote the length of LT and L} Ne,
respectively. We then have

.
/|Du2|2 = S|t T | - 122
Q2 i=0

ron on
= 2 |2 Mk Lo [ 1LEOTI 4D 1D [Tk e -|L?me']
Tern Li=0 ecq Li=0
- on o
= > |2 [lukley |12 0T +0< o 2l
TeT, Li=0 e
- on
:Z Z}Vﬁhhb'h%'w?mﬂ +o(l) asm— o0
TeT, Li=0
- Z ‘vath’2'|T| as n — 0o

TeT,

:/ | Diin»
Q

in view of the continuity of uy,.
Finally, define any triangulation 7;* with mesh-size at most h and such that the
union U2 L forms a subset of the edges of 77 (see Figure 7(b)). From the above

considerations, it is clear that we can find nj, € N, a triangulation 7;'", and uj, = u,"
such that pg2(u,un) — 0 as h — 0. O

The theorem for general k follows.

Theorem 4.4. Let Q C R™ be a polygonal domain and let hg > 0. Then, given a
scalar-valued u € BVy(Q) for some q € [1,00), there exists a family {r, : 0 < h <
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ho} of triangulations of 0 such that the mesh-size of Ty, is at most h, and functions
up, € A3, where A denotes the space of piecewise constant functions corresponding
to the triangulation T, such that for any 1 < k < oo we have

pak(u,up) =0 as h— 0.

Proof. The proof is almost exactly the same as the proof of Theorem 4.3. Using
the same notation, the only difference is to show that

/|Du2|k—>/|Dﬂh|k as n — o0.
Q Q

To this end, we denote by v the f9-unit normal vector to the corresponding line
segment L} NT or L} Ne and we have

ron on
/ Duptle = > D> [[upee] - Wl LT+ >0 D [Tup Ter| - vl - 1L Nel
Q Te7, Li=0 ec Li=0
- on e
= > Do lup o] Wl - 1L O T +0< 2nm'|V|kZ|€|
Ter, Li=0 eCQ
- gn 3
= Z Z‘Vﬁhhb-hgwm-w?ﬂﬂ +o(l) asnm— o0
Tes, Li=0 |Vuh|T}2
— Z ‘Vﬂh|T|k-|T| as n — oo
TeT)
= [ |Dip]-

Q
]

Remark 4.3. It is not clear to us how to generalize Theorems 4.3 and 4.4 to the
case of vector-valued functions w with the definition of total variation fQ | Dw|
given by (2.1). However, if the definition is modified to

/ Duli =3 / D s, (48)
Q =e

then one can take the union of the level curves L} for all components of w and
define a new mesh including all of these level curves as a subset of the edges. It is
then easy to see that Theorems 4.3 and 4.4 hold since they hold for each component
of w. We note, however, that the definition (4.8) does not give a frame-indifferent
energy when used to model the surface energy in (3.1) even if k = 2.

The above proofs suggest several computational strategies. One can try to follow
the proofs and solve on a coarse mesh with continuous finite element basis functions
and then modify the mesh to correspond to the level sets of the solution and resolve
on this finer mesh with piecewise constants. For an application of this strategy
for the thin film problem, this means using C! functions for y on a coarse mesh to
determine the fine mesh and then using continuous piecewise linear functions for
y on the fine mesh (which gives piecewise constant functions for the deformation
gradient).

|
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An alternative strategy is a moving-mesh method allowing the nodes defining

the triangulation to move so that the total variation of the deformation gradient is
better approximated by piecewise constant functions.
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