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Abstract

A recent numerical study of tornadogenesis suggests that processes and struc-
tures in the turbulent boundary layer below a supercell thunderstorm’s meso-
cyclone may play an important role in tornado formation. A theoretical expla-
nation using concepts from turbulence theory would be desirable. This work
puts into mathematical, statistical mechanics, and thermodynamical context
the initial stages of the genesis of tornado-like vortices with the aim to be con-
sistent with the current state of knowledge of the process of tornadogenesis.
In particular, it discusses a mathematical foundation of the formation of co-
herent structures such as “cusps” and “hairpins” using variants of the nonlin-
ear Schrodinger equation that arise via the Hasimoto transform of a vortex
filament model. The behavior of such structures is then analyzed within a
quasi-two-dimensional boundary layer model using the statistical mechanics
of vortex gases to explain the rearrangement of cusps and other vertical vortex
filaments into patches and possibly supercritical vortices. Non-equilibrium
thermodynamics is used to obtain the entropic balance and the internal en-
tropy production rate, and connect them to the turbulent heat flux. A formula
for the non-equilibrium turbulent heat supply and formulas for the entropy
supply and entropy production in the boundary layer are also provided. An
example involving vorticity, potential vorticity, and the gradient of potential
temperature is given in a thermodynamic non-equilibrium context with its
implications for stretching and tilting of vorticity in the vertical direction. We
conclude with some remarks on the equivalence of the Schrédinger and Gross-
Pitaevskii equations in describing vortex filaments.

Keywords

Quasi-Two-Dimensional Turbulence, Thermodynamic Fluxes, Entropy,
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Gross-Pitaevskii Equation, Madelung and Hasimoto Transforms, Vortex
Stretching

1. Introduction

A recent survey paper by Fischer et al [1] has outlined the current state of knowledge
about the process of tornadogenesis, reducing the process to a conceptual model
with four stages. They are:

1) Mesocyclone formation, with the associated pressure perturbations driving
upward acceleration and stretching near and below cloud base (critical for Stage
3 below).

2) Generation of vortex patches (amorphous surface-level vertical vorticity not
yet with vortex characteristics), in simulations predominantly via reorientation of
baroclinically generated vorticity in downdrafts.

3) Organization of one or multiple vortex patches to a single symmetric vortex
and intensification via stretching.

4) Transition to a developed tornado with a vortex boundary layer and corner
flow region in which horizontal vorticity is tilted into the vertical right above the
surface.

Observational and numerical motivation for this conceptual model is discussed
in the survey paper and additional problems that need further study or are unre-
solved are listed therein. Specifically, the organization and intensification of the
pre-tornadic vorticity near the surface and its rapid development upward during
Stage 3 are emphasized, together with the uncertainty of the 3D evolution of these
vortex patches. The question of the role and importance of the streamwise vorti-
city current and the surface roughness in Stage 1 is raised, together with the role
of turbulent eddies in the environmental boundary layer [2]. Other questions re-
late to the processes or mechanisms that determine the tornado size and intensity,
both on the supercell scale (Stages 1 and 2) and on the vortex scale (Stages 3 and
4), as well as to the importance of supercell-external factors, such as storm mer-
gers and mesoscale boundaries.

A recent computational paper by Parker [3] argues that two phenomena are
important for the generation of tornado-like vortices. A careful study is performed
and it is concluded that a sufficient amount of unstructured surface vertical vor-
ticity, ¢, when coupled with a strong enough updraft, is sufficient for the for-
mation of a tornado-like vortex. In particular, quasi-random ¢ -fields are gener-
ated via the use of Perlin noise [4], and an updraft nudging technique [5] is used.
It is concluded that regardless of the origin of the vertical vorticity, tornado-like
vortices are produced when enough initial surface circulation and a large enough
vertical velocity vertical gradient (dw/dz in the standard notation) near the
ground are present. The former aspect would correspond to Stage 2 and the latter

aspect to the intensification via stretching in Stage 3.
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Relating to Stage 2, we will want to better understand the phenomena leading
to the formation of vortex patches in the thin boundary layer near the ground.
The case of three-dimensional turbulence in a shallow layer that can be approxi-

mated as two-dimensional is called quasi-two-dimensional turbulence. We use
this term later in Section 3 to describe the situation studied there. In two-dimen-

sional flows, energy E :%<|v|2> and enstrophy Q:<|a)|2> are conserved

quantities. In these formulas, v and @ are the velocity and vorticity fields, re-
spectively, and ( . > denotes their space averages. The energy spectrum, E(k),
and the enstrophy spectrum, Q(k), are related via Q(k)= sz(k) , where k
is the wave number, which implies that in two dimensions the energy must cas-
cade to larger scales and the enstrophy must cascade to smaller scales [6]. The
extent to which this fails to hold in three dimensions is related to whether turbu-
lence in thin surface layers is quasi-two-dimensional or not [7].

A simple laminar flow example of how surface friction can produce separa-
tion in the boundary layer is given in section 2.2 of [8]. Coherent structures in
wall turbulence, specifically hairpin structures and their organization into
packets and their dynamics in the boundary layer, are simulated and discussed
in [9].

A different approach is studied in [10], in which a hybrid vortex filament nu-
merical scheme is used to model a thin boundary layer within a flow past a thin
horizontal plate and the subsequent development of turbulence.

The near-surface horizontal vortex filaments originally transverse to the flow
develop perturbations referred to as furrows. This is shown in the top image of
Figure 1 (see also Figs. 1 and 4 in [10]). The initially forward-tilting arch-like
filaments over time turn into mushroom-like arrangements as seen in the bottom
images of Figure 1 and in Figure 2. The rotational part of the vorticity is captured
by visualizing the A, -isosurfaces of rotation, shown as green “hairpin vortexlegs”
in Figure 1 and Figure 2. The filament segments create cusps between the hairpin
legs, and the hairpin legs eventually pass through the lobes of the mushroom caps
as seen in the top image of Figure 2. The vorticity within the hairpin legs is mostly
aligned with the streamwise direction of the legs and is shown by the red and blue
color coding in Figure 1 and Figure 2. The hairpin legs can occur as counter-
rotating pairs as shown, or singly (not shown in this paper), and it is emphasized
in [10] that “there is much non-rotational vorticity engaged in the functioning of
the vortical structures that produce hairpins”and that neglecting the role of non-
rotational vorticity has led to “the illusion that hairpin vortices and packets are
structures in their own right”. These ideas are further elaborated and supported
using direct numerical simulations in [11]. Consequently, cusp formation appears
to be an essential mechanism leading to turbulence and possible eventual torna-
dogenesis, which is supported by computational evidence in [2] and shown in
Figure 3. For a shallow surface layer, the behavior of the cusps can be approxi-

mated by a quasi-two-dimensional model.
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Figure 1. Development of vortex filaments in the flow past a thin horizontal plate [10]. The onset of fur-
rows and cusps, along with the green isosurfaces of rotation (top); filaments in the furrow viewed by a
moving observer (bottom). Filaments closely aligned with the x-direction are colored red and blue.
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Figure 2. Isosurfaces of rotation (green) and the mushroom-like cusps (top); filaments at
a fixed time after mushroom-like cusps have developed and before the onset of a turbulent
flow (bottom) [10].

Given the quasi-two-dimensional nature of the cusp and hairpin vortices in the
thin boundary layer, they do not dissipate [7]. Instead, an inverse energy cascade

forms to produce coherent (turbulent) structures that are later subject to vortex
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Figure 3. Isosurfaces of the vertical velocity W=3 m-s~! (gray) and near surface vortex
lines passing through (x,y)=(-9,12) at z=75,12.5,17.5,22.5,and 27.5 m [2]. A con-

tinuum of these vortex lines would form a corrugation of vertical vorticity as seen in figure
5in [2] and furrows and cusps consistent with the results in [10].

stretching and may produce a tornado [12]. Due to the inverse energy cascade, the
filaments concentrate into clusters of vorticity that satisfy the cyclostrophic bal-
ance conditions. The breakdown of the cyclostrophic balance between the pres-
sure gradient and the centrifugal forces leads to the collapse of these vorticity clus-
ters into narrow high-energy filaments.

If a quasi-two-dimensional model is used to model the behavior of cusps in a
shallow boundary layer, the cusps will eventually be subject to stretching, which
can then lead to storm intensification and tornado-like vortex development. In
two dimensions, the concept of vortex stretching is nonexistent [13]. As stretching
occurs, the cusps unravel (see Figure 3), and the quasi-two-dimensional turbu-
lence model has to be replaced by a three-dimensional model.

The numerical simulations in [2] show that tornado development might be en-
hanced by turbulence and the dynamics of vortical structures in the boundary
layer. Specifically, it is argued that boundary layer “coherent structures,” such as
cusps and hairpins, play a significant role in tornadogenesis. The initial formation
of cusps and hairpins occurs in a relatively thin boundary layer, whose thickness
is estimated to be =6 meters [2]. When the height of the boundary layer is rela-
tively small (see more on that in Section 3), we may view the filament model in
[14] [15] and described in Section 2 as representing two-dimensional turbulence.
We point out the similarity to the behavior of point vortices in two dimensions,
where vorticity evolution can also be governed by other forms of the nonlinear
Schrédinger equation. A recent work on verification of such analogies, particu-
larly an analogy with the Gross-Pitaevskii equation, is presented in [16] and dis-
cussed further in Section 5. A deep mathematical analysis connecting fluid (Euler
and Navier-Stokes) equations and various forms of the nonlinear Schrédinger
equation is presented in [17].

The results of the numerical simulations in [2] show alternating streaks of
wavelength 500 - 700 m of positive and negative vertical component of vorticity,
¢, on the warm side of the gust front (see Fig. 5 in [2]). In the positive- { streaks,
¢ frequently reaches or exceeds 0.03 s™' at elevation 7.5 m. The ¢§ in the nega-
tive- £ streaks is generally of lesser magnitude, rarely less than -0.02 s™'. This

compares favorably to the furrows and hairpin legs in [10] (see Figure 1 and Fig-
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ure 2) and is reminiscent of the initialization of the surface vertical vorticity in [3]
(see Fig. 5 in [3]). Fig. 7 in [2] shows streamwise oriented A, -isosurfaces con-
sistent with the hairpin legs in [10] and shown in Figure 1 and Figure 2. Similarly,
the vortex lines shown in Figure 3 compare favorably to the solutions of the
Schrodinger equation shown in Figure 4. We note that to generate the alternating
vorticity streaks in [2], small random initial temperature perturbations were
added and the boundary layer was given 12 hours to evolve to a quasi-steady state
before storms were initiated via the introduction of a warm bubble. It may be in-
teresting to explore the connection between this initialization process and the
computational stage in [10] after the flow encounters the thin horizontal plate and
before the onset of turbulence (see Figs. 1 and 2 of [10] for 0.5<x<0.8).

In the video “Mays’s Fury” [18], which documents the coverage of a violent
tornado outbreak on May 3, 1999, a nearly horizontal vortex in or near a tornado,
while the tornado crosses interstate I-35, is shown in the 41st minute. In addition,
the horizontal vortex is visible in the region where the tornado appears to be the
most intense. This is suggestive of a hairpin leg in or adjacent to the tornado and
the associated unraveled narrow cusp (vertical filament) vortices, moving into the
tornado, causing the tornado to intensify or maintain its intensity, and it is con-
sistent with the computed vortex lines near (X, y) = (—15,11) in Figure 3.

Investigation of atmospheric flows, especially those related to tornado-like
events, requires a significant contribution from thermodynamic considerations,
since a significant portion of a thunderstorm’s energy is generated by latent heat
release associated with water vapor condensation. One possible mechanism of la-
tent heat supplying energy to a tornado is proposed in [19]. The mechanism relies
on water vapor from the cloud base being sucked into the tornado funnel due to
a pressure gradient, condensing, and supplying additional buoyancy energy to the
air surrounding the tornado via the released latent heat. The paper emphasizes an
essential feature of this model, the central downdraft bringing the moisture, and
thus energy, rich air from the cloud base into play and argues that this is the only
way to bring water vapor into the tornado funnel. Citing [20]: “There is a strong
nexus with thermodynamics, because these thunderstorms are driven by the phase
change of water vapor. There are lots and lots of things other than pure fluid dy-
namics in this field.”

To bypass the complications of storm thermodynamics, researchers and fore-
casters utilize various indices, in particular, combined mechanical and thermody-
namic parameters, such as the fixed layer significant tornado parameter (STP).
The STP is a composite index that includes the 0 - 6 km bulk wind difference
(6BWD), the 0 - 1 km storm-relative helicity (SRH1), the surface-based parcel
convective available potential energy (sbCAPE), and the surface-based parcel lift-
ing condensation level (sbLCL). It is defined as

sTp  SPCAPE J 2000-sbLCL SRH1 m? 6BWD m
1500 kg 1000m 150 s* 20 s

The sbLCL is set to 1.0 when sbLCL < 1000 m, and it is set to 0.0 when sbLCL >
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2000 m; the 6BWD term is capped at a value of 1.5 for 6BWD > 30 m/s, and set to
0.0 when 6BWD < 12.5 m/s [21].

A majority of significant tornadoes (EF2 or stronger on the Enhanced Fujita
scale [22]) have been associated with STP values greater than 1, while most non-
tornadic supercells have been associated with values less than 1 in a large sample
of Rapid Refresh (RAP) analysis proximity soundings. The RAP is a continental-
scale NOAA hourly-updated assimilation modeling system operational at the Na-
tional Center for Environmental Prediction (NCEP) [23]. It covers North America
and is comprised primarily of a numerical forecast model and an analysis assimi-
lation system to initialize that model. The definitions of the updated indices are
given on the NOAA website [24]. A detailed discussion of the combined and other
tornado indices is given in [25].

In this paper we develop ideas from non-equilibrium thermodynamics and sta-
tistical mechanics of vortex gases in the context of a turbulent boundary layer, and
we investigate how these ideas are related to the various stages of tornadogenesis
outlined above and to the findings in [3]. We describe how the formation of co-
herent structures, such as cusps along an originally nearly straight horizontal vor-
tex, can be modeled by the solutions of nonlinear Schrédinger equations. We will
use the statistical mechanics of vortex gases to investigate the development of pre-
tornadic vorticity that is first organizing and intensifying near the surface, and
also the development of vortex patches and turbulent eddies in the environmental
boundary layer. We use non-equilibrium thermodynamics to study the develop-
ment of conditions in the boundary layer facilitating rapid vertical development
of vorticity from the boundary layer to the cloud base. One of the aims of this
work is to apply irreversible thermodynamics to incorporate non-equilibrium
thermodynamics into the evolution of a tornado-like flow. We attempt to develop
a better understanding of how non-equilibrium thermodynamics accounts for
low-level boundary turbulence that leads to the generation of tornado-like vorti-
ces and their subsequent stretching. Unlike in [19], we will only consider one-
constituent flows for the simplicity of developing these ideas. We plan to revisit
the topic for two- or three-constituent flows later.

We consider as the main contribution of this paper the review of and bringing
together ideas from previous research and applying them to better understand the
various stages of tornadogenesis. It is our understanding that the connections we
are making are novel and have not been made earlier. At this point, our contribu-
tions are primarily conceptual and qualitative, and we are just beginning to ex-
plore quantitative applications to real-life scenarios or tornado forecasting.

The paper is organized as follows. In Section 2 we discuss the nonlinear Schro-
dinger equations relevant for modeling the behavior of single vortex filaments that
capture the self-induction and eventually also stretching consistent with the Na-
vier-Stokes equations. We demonstrate that these models have the ability to
model the creation of vortex cusps and are thus relevant for the early stages of

tornadogenesis. In Section 3 we review the statistical mechanics of the relevant
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vortex gas models that allow us to better understand the quasi-two-dimensional
turbulence in a shallow boundary layer. We connect these ideas to Stages 2 and 3
of the tornadogenesis process of [1]. Section 4 outlines the foundations of non-
equilibrium thermodynamics, addresses the ideas of entropic balance in a tornado
environment, and introduces the analysis of thermodynamic fluxes in the local
entropic balance equation. We use the classical and extended irreversible thermo-
dynamics to derive transport equations for the entropy density associated with
non-equilibrium heat flux that, after the development of quasi-two-dimensional
turbulence, combined with updrafts below the supercell wall cloud, will tilt and
stretch the vortex lines and unravel their cusps leading to tornadogenesis. We also
derive expressions for the heat and the entropy production in the boundary layer.
In Section 5 we use the analogy between the filament equation and its counterpart
in the nonlinear Schrédinger equation and develop it further to compare with the
(mathematical but not modeling) structure of the special case of the Gross-Pi-
taevskii equation. We also provide references there on the equivalence of the
Schrédinger and the Gross-Pitaevskii wave functions and fluid flow equations via
the Madelung and Hasimoto transforms. The benefits in this case come from the
fact that vortex equations use more fundamental, potential-like quantities, such
as the vortex density and the curvature, rather than the original fluid flow fields
(velocity and vorticity), to describe flow singularities.

Finally, Section 6 provides a summary and discussion of the main results and

concludes with ideas for future investigation.

2. Asymptotic Equation for Vortex Filaments

In this section we address the behavior of single vortex filaments that could be in
an originally nearly straight, horizontal position, similar to the vortex filaments
prior to the onset of cusps and furrows in [10] and discussed in the introduction.
We describe and highlight the relevant mathematics, focusing on the works [14]
[15], with the intent to later tie the results to Stage 2 of tornadogenesis. One ad-
vantage of the approach in this section is that flow singularities can be described
by focusing on properties of the vortex, in this case its curvature, rather than on
the underlying velocity and vorticity fields that could suffer blow-ups that could
be difficult to model [26]. While the models and equations in this section are
purely mechanical, they are derived rigorously from the Navier-Stokes equations
in the references provided. Based on the results arising from these models, we can
conclude that vertical cusp-like structures can develop in the shallow boundary
later, tying the results of this section to Stage 2 of tornadogenesis discussed in the
introduction. Thermodynamical considerations will be used in later sections to
address tilting, vertical stretching of vorticity, and vortex intensification.
Small-amplitude, short-wavelength perturbations of a single thin horizontal
vortex filament are investigated in [14] [15] (see also [13]). This work relates to
our understanding of the behavior of the initially nearly horizontal transverse vor-

tices in [10] and captures the initial stages of the development of cusps and mush-
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room caps. Similar to [10], the background flow is a shear flow. In the following
paragraphs, we will review the evolution of such a three-dimensional vortex fila-
ment using a model that does not allow for stretching and also show how cusps
can form. Later in this section, we discuss the extension to a model that allows for
stretching, also derived in [14] [15], and its implications.

Consider a narrow, three-dimensional vortex filament described by its center
curve position function X ( 7,t) ,where y isthe arclength curve parameter and
t isthe (rescaled) time variable. Let K( 7, t) be the curvature of the center curve
and b(y,t) the binormal vector along the center curve of the filament (i.e., the
cross product of the unit tangent and the unit normal vectors to the curve). The
self-induction equation governing the evolution of the filament and consistent
with the Navier-Stokes equations is then [14] [15]

ox

Y =x(7.t)b(7.1). (1)

The validity of the self-induction Equation (1) rests on the following four as-
sumptions, in which I' is the circulation around the filament, v is the kine-
matic viscosity, a)(X,t) is the vorticity, and r(y,t)=x( 7/,t)_1 is the radius of
curvature of the center curve:

e the vorticity a)(X,t) is nonzero only inside the filament of radius J <« 1;

o the radius satisfies & =(T/ v)fl/z;

e the vorticity @(X,t) is large enough inside the tube so that T'/v — oo as
v—0;

o the radius of curvature r(y,t) is bounded strictly away from zero.

We note that Equation (1) does not allow for changes of the length of the curve,
and thus the dynamics described by (1) will not capture stretching effects [13].

Consider next the Hasimoto transform
(7)) =x(r.)e", o (rt)=["r(y.t)dy, ©)

where l//( ;/,t) is the complex-valued filament function and T( )/,t) is the tor-
sion of the filament curve [13] [14]. Recall that torsion can be viewed as a measure
of the failure of a curve to be planar. A perturbation of (1) in the form

OX

p =x(7,t)b(y,t)+57(y,t), (3)

where 0<46 <1 and V(7.t) isa general perturbation of the velocity, together
with the Hasimoto transform (2), then leads to the perturbed Schrédinger equa-
tion for the filament function

10 o 1 = X 0°x U 0N
T_l//: l/;+_l//|2(//_5f !//1_1_21_1_2 [l (4)
iot oy 2 Oy Oy Oy Oy

where F is a smooth function whose expression is given by formula (7.21) in
[13]. Since in this section we will be interested in the limiting case 5=0, we
won’t repeat it here. For the original self-induction case with & =0, Equation (4)

turns into the nonlinear Schrédinger equation (with cubic nonlinearity)
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v. (5)

Loy _Zw 1
iot oy 2
Note from (2) that the magnitude of the filament function appearing in (4) and

(5) is the curvature of the filament, i.e.,
|l//(7,t)| =x(r.1).

The cubic Schrédinger Equation (5) has solutions (including explicit ones) that
allow for large values of |l//| and thus large curvatures. An example of an explicit

solution exhibiting dependence on both y and t is[27]

i(By+(A2—Bz)t+q)

w(r.t)=+2Ae sech(Ay —2ABt+C,) (6)

with arbitrary real constants A, B, C,, and C,. For this solution we have
max|y/(;/,t)| =2|A
Note that (6) imitates a cusp-like and a soliton-like solution to (5), and the visu-

, showing that the curvature can be made arbitrarily large.

alization of |1//( 7/,t)| for fixed values of the constants and three different time

values is shown in Figure 4.

~10 5 5 10 7

Figure 4. A visualization of the exact solution (6) of the cubic nonlinear Schroddinger
Equation (5) as a function of y . The parameter valuesare A=B=C, =1 and C,=0,
and three different times, t=-2, 0, and 2, are shown left to right.

This solution indicates that the cusp structures that appear in the boundary
layer and are observed in the simulations mentioned above may appear as a result
of turbulence in the boundary layer before stretching occurs.

An asymptotic extension of the nonlinear Schrodinger filament Equation (5) is
derived in [14] [15] to allow for stretching. An originally straight filament in the

unit direction t;, and of coresize ¢ isreplaced with a perturbed version

X(;/,t)=7/t0 +&2X (%,;—zj—k(?(gz), ek,

& R

t

2

where X (
£

j is a perturbation term orthogonal to t, and rapidly decreas-
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ing in the first variable. For additional assumptions for this model see [14]. This
ansatz then leads to an extension of the filament self-induction Equation (1) that
has the form

%=K(%t)b(%t)+52' [X(r)]xt,

which, recalling the Hasimoto transform (2),

v (r.t)=x(r.0)e ", ao(yt)=["z(y.t)dy,
and, assuming O <« & «1, leads to an asymptotic filament equation with self-
stretching

1oy 0%y 2(1 2 ]
ik A = —1[y]l. 7
ot o C Sl v-1ly] )

In the above equations, the nonlocal linear operator | [] is defined as

Wy (7.1)] EIZ#[V/Wh.t)—w(y,t)—hz—"y’(ym,t)
2 (8)
+%th (1—|h|)27vg(7,t)}dh,

where H is the Heaviside function limiting the influence of 6% /dy® to the
nearby points. The operator | [] is nonlocal in the sense that it includes infor-

mation from all the points along the centerline of the filament. Note that in (7)
1
the cubic term §|1,//|2 v and the | [!//] term compete on the same scale.

Equation (7) models the “birth” of strong cusps in the vortex filament from the
interaction of the nonlocal operator (representing a strain flow) and the cubic
nonlinearity, although the assumptions of the asymptotic theory become invalid
as the cusp vortex is born [15]. Specifically, the assumptions of small-amplitude,
short-wavelength perturbations of a thin straight vortex are violated just before
cusps or any shapes resembling mushroom caps evolve. In the numerical calcula-
tions reported in [15] the vortex filament develops higher and much narrower
peaks as time evolves when compared with the corresponding solutions of the cu-
bic nonlinear Schrédinger Equation (5). The details of the evolution up to that
time are fully discussed in [15]. The time sequence of the behavior of an initially
helically perturbed straight filament was computed in [15] and is shown in Figure
5. The initially helical filament is shown through the middle of the figure, and
three stages in the initial development of cusps along the filament are shown at
times t=1.85, 1.90, and 1.95, showing the formation of a cusp near where the
arrows in Figure 5 are pointing.

At the end of Section 4, we give an example that incorporates the boundary
layer shear that would induce hairpins and furrows of cusps, and the tilting of
the transverse vortices with cusps, induced by a pressure deficit below a meso-

cyclone.
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= 1.85

Y2

T2

Figure 5. Time sequence of the filament curve showing the initial helical perturbation of a
straight filament at time t=0 (thin black curve) and three later stages at t=1.85 (red
dots), 1.90 (green dots), and 1.95 (yellow dots), showing the development of cusps along
the filament (adapted from [15]).

Vortex filaments with vertical segments are important for the formation of vor-
tex patches in Stage 2 of our understanding of tornadogenesis discussed in the
introduction. Stage 3 starts with the organization of vortex patches into a single
symmetric vortex that later intensifies via stretching. The following section re-
views the ideas from statistical mechanics of vortex gases and ties them to the
aforementioned organization and single vortex generation. It does not deal with

any thermodynamical concepts, which will be discussed later in Section 4.

3. Statistical Mechanics of Vortex Gases

In statistical mechanics of gases, solving for the behavior of a large number of
particles (gas molecules) is simplified by making assumptions about the mean be-
havior of the collection, rather than attempting to solve the intractable system of
equations for the interactions of each particle with all the others. More specifically,
a phase space containing information about the position and momentum of each
particle is considered, and a probability distribution on the phase space is ob-
tained. In the case of fluid dynamics, the phase space of vortex gases depends on
the set up of the vortex gas, which could be point vortices in 2D (see, e.g., sections
6.2 and 7.3 of [13]), parallel or nearly parallel vortices in 3D (section 7.4 of [13]),
or a single vortex filament [28]-[30]. Parallel vertical vortices are analogous to a
corresponding set of point vortices in the plane in that they satisfy the same equa-
tions [13].
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One has to be careful when working with concepts that have the same, or sim-
ilar, nomenclature both in thermodynamics and in statistical mechanics. For ex-
ample, the energy we use in this section is the kinetic energy of the ensemble in
the usual sense, but the statistical mechanics entropy, to be used later in this sec-
tion, and the thermodynamics entropy, used in Section 4, do not generally agree
with each other [31]; similarly for temperature. This section will only deal with
statistical mechanics concepts, so “entropy” will refer to the statistical mechanics
entropy and “temperature” will refer to the statistical mechanics temperature. The
corresponding thermodynamics concepts will only be used in Section 4.

In the case of an ideal gas, let the microstates be indexed by i . If we denote the
entropy by S, the energy of microstate i by E,, and the total energy of the

system by E, then the partition function corresponding to this scenario is

Z= Ze’ﬁEi , 9)

where S =0S/0E =1/T, represents the inverse temperature (we willuse T for
the absolute thermodynamics temperature in Section 4). A similar approach, pos-
sibly with the sum in the partition function (9) replaced by an integral of e **
over all configurations of vortices under consideration, can be used in fluid dy-
namics.

From probabilistic considerations, when S =0 (or T, ==c0), all energy lev-
els are equally likely to occur, and the entropy S is at its highest point. For
B >0, configurations with lower energy are more likely and these correspond to
more balled up vortices. Finally, for £ <0, configurations with higher energy are
more likely and these correspond to straighter vortices. See [28]-[30] for details.
Therefore, negative temperature vortices are hotter than positive temperature vor-
tices, with vortices with T, =00 (8 =0) temperatures in between them.

Using a different viewpoint, we can say that negative-temperature vortices have
higher energy and are (more) straight or smooth, while positive-temperature vor-
tices are (more) balled up and, from a physical point of view, dissipating. There-
fore, energy is expected to flow in the direction of increasing S : straight, high
energy vortices will become less straight and begin to fold upas £ <0 increases
towards 0. Such vortices will transfer their energy to larger scales. As £ in-
creases into positive values, the configurations become more balled up, starting
the Kolmogorov energy cascade to smaller scales and dissipating [30] [32]. We
note that for negative temperatures to occur, the phase space must be bounded, as
well as the energies E, [33].

Let’s next consider a collection of nearly parallel vortices considered in [34]
with their principal direction t, assumed to be vertical. This approach can be
used to model the various nearly vertical vortices in a shallow layer. For future
considerations, and, to use the theoretical results cited below, we assume that this
shallow layer is situated above a bounded region on the ground and beneath a
supercell. Similar to the description in Section 2, the general center curve of each

of the filaments, X, is assumed to have the asymptotic form
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y t
X (7.t) =yt +&°X, [;,8—4}+(’)(52), exl,

t
where X, (Z , —J is again a perturbation term orthogonal to t,. For additional
£ ¢

assumptions for this model, similar to those in Section 2, see [34]. We point out
that the separation distance between filaments has to be much larger than the fil-
ament core size. It is then possible to derive asymptotic limiting equations for N
nearly parallel interacting vortex filaments

OX;

2y N X — X,
—=J{airia—)§'}+\] Sor, 0| 1<i<N, (10)
ot oy =i |xi—xj|

where J is the skew-symmetric matrix

) :[f glj.

Here, I is the circulation of the ith vortex and ¢; is a constant deter-
mined by the vortex core structure (see additional references in [34]). Using the
identification y; (7,t) =X, (7,t)+iy;(7,t) , where x, :(xj,yj,;/) , Equation
(10) can be rewritten as coupled nonlinear Schrodinger equations. A special ex-
ample illustrating their structure is for a pair of two interacting vortices with iden-
tical core parameters o, =a, =1 and circulations I'; =1 and I', =T .In that
case, making a change of variables w =y, -y, and ¢ =y, +y,,system (10) be-

comes

2 2
100 a2 ta | 4 v |,
iot 2 oy% 2 7|yl

2 2
TS a-n) S0 T
iot 2 oy2 2 oyl

(11)

which interestingly becomes decoupled for the case of co-rotating filaments of
equal strength (I' =1). Numerical evidence is presented in [34] for a finite-time
collapse of a vortex pair with a negative circulation ratio I' in the sense that the
filaments would eventually come close to each other and violate the assumption
on the separation distance between the vortices. On the other hand, numerical
evidence is given that no finite-time collapse happens for a positive circulation
ratio. Notice in Figure 1 and Figure 2 how the legs of the cusps, originally at a
non-zero distance from each other at times t <0.7 appear to have merged after
time t=0.8, consistent with the first scenario. Also notice that the nonlinearity
in (11) is not cubic, making these equations qualitatively different from those for
a single vortex filament (Equations (5) and (7)).

The shallow boundary layer with cusps below the supercell has filaments in
nearly vertical directions and therefore the nearly parallel vortex gas model should
be applicable. A further simplification and insight come from assuming that the

vortex filaments are actually vertical and parallel to each other. In that case, the
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second-derivative with respect to y terms in (10) and (11) are equal to 0, and
the equations become identical to those for point vortices in two dimensions (see
section 7.3 of [13]). Hence, the term quasi-two-dimensional turbulenceis used to
describe three-dimensional turbulence in a shallow surface layer when the vortices
can be approximated as vertical and straight. In view of the earlier discussion, such
vortices, being perfectly straight, can be considered to have a negative statistical
mechanics temperature.

We now review the results of the two-dimensional model and connect them to
the formation of the vortex patches. The two-dimensional mean field theory was
developed in [35] [36] and allows for a range of negative temperatures. This theory
motivated a three-dimensional theory [37], which does not include negative tem-
peratures; however, an extension of this work allows for a small range of negative
temperatures provided the 3D vortex has a fractal cross section [38].

An N -vortex system in a bounded domain A in R? with the associated ca-
nonical Gibbs measure at inverse temperature B is studied in [35] [36]. The
vortices are all assumed to have the same intensity « (we are using the notation
of [35], not to be confused with the 3D vortex core parameters ¢; earlier in this
section). It is shown thatas N — o0, ﬁ/N - pe (—87r,+00) ,and aN —1, the
stream function y associated with this problem satisfies the mean field equation

e fv
—AV/:W, (//:O on OA. (12)
e

A

The limiting vorticity field then satisfies @, =—Ay >0 and _[A @, =1.Fora
disk domain A, the solutions of the mean field Equation (12) can be found and
satisfy @, >0, as f— -8z, where X, is the center of the disk and
Oy, (x) is the Dirac delta function. It can also be shown that this kind of vorticity
concentration also exists in a simply connected domain sufficiently close to a disk
and possibly also in other domains. However, there are domains for which this
concentration does not occur (e.g., rectangles with large aspect ratios) [36]. Con-
vergence to a smooth solution is also possible [35] [36]. If we were to consider the
extension of this 2D model back to the case of co-rotating vertical parallel vortex
filaments, the scenario in which vorticity tends to concentrate near a single point
can be connected to the organization of vertical vorticity into a single symmetric
intense vertical vortex that would later undergo stretching and intensify further.

Applying the previous considerations to the formation of furrow-like structures
with cusps and adjacent hairpin legs present in the numerical simulations [2] [10],
we let A be a narrow, bounded region with a smooth boundary below the furrow
between the hairpin legs. In the presence of many furrows, each such vortex patch
would be modeled by a corresponding region A. Figure 2 and Figure 3 showing
the vertical vorticity cusps suggest that the total vorticity in the quasi-two-dimen-
sional turbulence patches (regions A) should be zero, provided the positive and
negative vorticity legs have the same strength. However, a 12-hour burn-in that
included Coriolis effects (planetary vorticity) was used in the simulations of [2],
which led to the positive vorticity leg having a larger vorticity value than the neg-
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ative vorticity leg, or, in the language of [2], the positive- { anomalies in the
boundary layer were stronger than the negative- { anomalies. Consequently, the
total vertical vorticity induced by the cusps in the patches is expected to be posi-
tive.

If we think of the vertical vorticity cusps as straight vertical filaments and the
turbulent boundary layer as made up of these filaments, we can use the two-di-
mensional turbulence model of [35] [36] discussed above. With the filaments be-
ing straight, we can assume that they have negative temperature and cluster into
larger filaments with cyclonic and anti-cyclonic legs (the right image of Figure 2).
As these larger clusters in quasi-two-dimensional turbulence are tugged up into
the mesocyclone (in a streamwise sense), the negative side of the vertical vorticity
cusp tilts 180 degrees, aligns with the positive side, and the vertical vorticity com-
ponent becomes positive (see Figure 3). As this happens and the vortex stretches,
a transition from a quasi-two-dimensional model to a three-dimensional model is
needed.

Initially, the resulting vortex is in cyclostrophic balance, i.e., the pressure gra-
dient force and the centrifugal force are in balance. Surface friction along with the
stretching and rotation of the vortex causes the centrifugal force to weaken and
allows the pressure gradient force to dominate. Consequently, the vortex collapses
to a narrow filament with high energy density. This organization in the flow re-
sults in a decrease in entropy density, an increase in energy density, and a negative
temperature of the vortex since AS/AE <0 [30]. Such vortices are called super-
critical or suction vortices and can be approximated by a delta function &, (x)
supported on a vertical segment at the horizontal location X;. As discussed
above, these supercritical vortices may then contribute to tornadogenesis. Further
stretching of a negative temperature vortex would lead to its transferring energy
to larger scales via folding, and eventual dissipation of energy via the Kolmogorov
cascade, a direct energy cascade to smaller and smaller scales without a lower
bound [30]. The processes described above may be occurring repeatedly in the
region below the supercell and mesocyclone. The aforementioned example at the
end of Section 4 will address the stretching leading to the transition to supercriti-

cal vortices.

4. Non-Equilibrium Thermodynamics and Entropy

In this section we outline the foundations of non-equilibrium thermodynamics
and address entropic balance under highly non-equilibrium settings. Unlike in the
previous section, entropy and temperature will now refer to their thermodynamic
concepts. In subsection 4.1 we list expressions for the entropy flux, the heat flux,
and the internal entropy production in classical irreversible thermodynamics and
derive them for the case of extended irreversible thermodynamics. We also discuss
entropic balance in the boundary layer that is instrumental in stretching and tilt-
ing of vorticity into the vertical direction, which is a part of Stages 3 and 4 of

tornadogenesis described in the introduction. We provide the entropy balance
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equation (17) in the classical form and derive an extended form (25) that includes
an internal entropy production term. In subsection 4.2 we utilize a connection
between the potential temperature gradient and the local vorticity, and discuss
non-equilibrium thermodynamics of the boundary layer including the derivation
of the heat and the entropy production in the boundary layer.

We should note that in recent years studies of “standard” classical thermody-
namics have developed in many branches influenced by non-equilibrium models
in phenomenological and statistical formulations. In this paper, we are carefully
specifying the thermodynamical context we use. For instance, this section applies
“traditional” irreversible thermodynamics in subsection 4.1 and the recent devel-
opments of the much less traditional theory of entropic balance in subsection 4.2.
In contrast, preceding Section 3 used statistical mechanics of vortex gases and

these two approaches are independent of one another.

4.1. Entropy in Irreversible Non-Equilibrium Thermodynamics

This subsection follows the standard development of the irreversible thermody-
namic theory [39]. We begin with c/assical irreversible thermodynamics. The first
step to modeling a system that is not in equilibrium is to employ the Jocal equilib-
rium hypothesis, where all the relevant thermodynamic variables are defined lo-
cally and are in a quasi-equilibrium for a “small enough” system. In the fluid dy-
namics context, such a “small enough” system is an air parcel. Welet s(X,t) de-
note the specific thermodynamic entropy as a function of position, X, and time,
t, and assume also that it is a function of the specific variables a; (X,t) , whose

corresponding conjugate variables are denoted by F; (X,t) . The Gibbs’ equation
Ds(x,t)=> F,(x,t)Da,(x,t) (13)
i

gives the relationship between these variables and leads to the differential equation

Ds(x,t Da; (x,t)
Pty (x 220

where

R = 2 +v.-V
Dt ot
is the material derivative, i.e., the rate of the change of a quantity following the

trajectory of the air parcel. The balance relation for the specific entropy is then

pB—iz—V-B+a, (14)

where p(X,t) is the mass density, B ( X,t) is the entropy flux, and O'(X,t) >0
is the entropy production rate per unit volume [39] [40]. The entropy production
rate is assumed to be nonnegative for consistency with the second law of thermo-
dynamics and, in general, incorporates the following sources [40]:

1) entropy production associated with heat transfer;

2) entropy production due to mass transfer;
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3) entropy production because of viscous dissipation of fluid;

4) entropy production arising from chemical reactions.

For simplicity, we assume that all the thermodynamic functions involved are
smooth (for a more general case with discontinuities see [41]) and our discussion
will focus solely on the entropy production associated with heat transfer; however,
we acknowledge that it would also be important to consider the entropy produc-
tion resulting from mass transfer (moisture flux), which will be left for future
work. Transport equations similar to (14) are valid for all the state variables a; .
We use the basic thermodynamic model with two local state variables, the specific
internal energy, U(X,t),and the specific volume, V(X,t)=p"(X,t), so that the
equation of state is S = S(U,V). For the purposes of this discussion, we assume
that both state variables U and v are known functions of X and t. Conse-

quently, we have two conjugate variables here,

0s 1 0s 1
—=T" and —=pT, 15
ey Y p (15)

where T(X,t) isthe absolute thermodynamic temperature (later also referred to
as the local equilibrium temperature) and p ( X, t) is the pressure.

In the case of a laminar motion of a one-constituent isotropic, incompressible
(V-v=0), and viscous fluid in the presence of a temperature gradient, without

internal energy supply, we have

Du Dv
—=-V.q-P:V and p—=0, 16
th q th (16)

where  istheheatflux, v isthevelocity, V = %(VV +(Vv )T ) ,and P isthe

symmetric pressure tensor, all of these being functions of X and t. We recall
that A:B= tr(AT B) = A;B; using the Einstein summation notation here. If we

decompose the pressure tensor

P=(p+p")I+P°

where p is the hydrostatic pressure and p* :%tr(P— pl) so that PO s

traceless, then the balance Equation (16) can be substituted into
Ds_osDu_ osDv
Dt ou Dt ov Dt

to obtain
E—-v-(r1 )+ ~VT’1—T’1(P°'V°) (17)
P Dt gq)+q : ;
where V° =V —%(trV)I =V isthe traceless partof V , coincidingwith V in

the case of an incompressible flow (%trV =V-v=0). In the remainder of this

section, we will therefore use V in placeof V°.Comparing this expression with

(14) and arguing as in [39] that since o represents the rate of entropy produc-
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tion inside the body, its expression cannot contain a flux term like V -(B -T ’1q) ,

we obtain the equations
V-B(x,t)=V-(T7(x,t)a(xt)) (18)
and
o (x,1)=q(x,t)- VT (x,1) =T (x,t)(P°(x,1):V (x,1)). (19)

Note that (18) can be interpreted as B =T 'q+ f, where V-f =0. Since
there is no constitutive formula for internal entropy production, the classical ir-
reversible thermodynamics postulates the existence of a linear relationship be-
tween the thermodynamic fluxes in (19) and their respective conjugate “thermo-
dynamic forces.” Specifically, we have the following phenomenological relation-
ships [39]

q=—AVT = AT?VT ™" and P°=-27V, (20)

where the first relationship is just the Fourier law with the heat conductivity A

and 7 isthe dynamic shear viscosity. Using (20), we can rewrite (19) as
o (x,t)= AT 2 (X VT (x. ) +27T 2 (x)(V (x,1):V (x 1), (1)

where || stands for a vector norm, and it follows that the entropy transport
Equation (17) can be written, suppressing the explicit dependenceon X and t,

as

p%zv.(ﬂT’1VT)+ﬂT’2|VT|Z+277T’1(V V). (22)
To go beyond the local equilibrium hypothesis and to extend the relationships
like the Fourier law, one can turn to extended irreversible thermodynamics. In a
highly non-equilibrium system, heat flux may not be well approximated by the
Fourier law, as a non-equilibrium system may have spatial and temporal non-local
influence. In this approach, dissipative fluxes are elevated to the status of state
variables. If we, for example, extend the specific entropy to depend on the heat
flux, i.e., $=5(u,v,q), then

Ds_osDu osDv, os Dq_p,Du_ ds Dg -

Dt ou Dt ovDt ogq Dt Dt oq Dt

-1
where we assume that the non-equilibrium temperature (Z—Sj is well approx-
u
imated by the local equilibrium temperature T from (15) (see Chapter 7in [39]),
and where we again used the consequence of incompressibility that p% =0 as

in (16). The remaining partial derivative is assumed to satisfy [39]

& _ T vaq, (24)
aq
where ¢« isa function of U and Vv only, and thus we obtain a new transport

equation for the extended irreversible case based on the fundamental Equation
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(14) in the form

DS -1 -1 -1 Dq -1
—=-V(T7q)+q-| VT -Ta— [+2nT ~(V :V). 25
PL, (T7a)+q [ S FATVEY) (25)
Additionally, if we use the usual linearity assumption between the heat flux g
and its corresponding thermodynamic force, corresponding to the term in paren-

theses in (25), we can write

VT T a[;? 40,

which, after a short manipulation, gives rise to a Cattaneo-type relation
D
rRFctlz—(q+lVT), (26)

where 7, =aAT denotes the heat flux relaxation time and u=A"'T . Equa-
tion (26) can be substituted into (25) to remove the dependence of the right-hand

side on the material derivative of the heat flux to obtain

pgz—v.(rlq)m*rﬂqf+2;7T*1(v V), (27)

where the first term in the right-hand side of (27) corresponds to the entropy flux
and the last two terms to the entropy production o >0 . Note that if the left-hand
side of (26) is negligible, then (27) will reduce to (22). In the present case, the
dependence on the heat flux  cannot be suppressed because an explicit solution
to (26) is not readily available.

If the heat flux is concentrated in the boundary layer, where the pressure
changes (on average) are insignificant, we can use the Fourier law in (20) and the
divergence theorem to estimate the heat supply Q to a region Q (a thin 3D re-
gion with a piecewise smooth boundary) of the quasi-two-dimensional turbulent

flow as

Q=-[[ a(xt)-n(x)dxdt = [[ AAT (x,t)dxdt, (28)

where n(x) is the outer unit normal vector and we assume that A is a con-
stant. Using (18) and (20), the entropy supply to Q, denoted by AS,, could be

calculated as
AS, =[] B X ) dxdt
:—”QV-B x,t)dxdt
=-[, V«(T‘1 x,1)q(x,t))dxdt
—” ( (X )VT(x, ))dxdt
= [l A(V(T) (6 t)- VT () +T* (X, ) AT (x,1) ) dxct

= [LA(-T 2 (OIVT (O 4T (x1)AT (x,1) axat,

(29)

where the first term in the last expression, which is clearly nonpositive, is due to
the heat flux, and the second term is due to the heat diffusion. Finally, using (21),

DOI: 10.4236/0jfd.2025.153011 195 Open Journal of Fluid Dynamics


https://doi.org/10.4236/ojfd.2025.153011

P. Bélik et al.

the entropy production in Q, denoted by AS,, can be calculated as

AS, =[] o (xt)dxdt
:”'Q/IT’Z(x,t)|VT(x,t)|2 +2nT 7 (x,1)(V (x,1):V (x,t))dxdt, G0

which is clearly nonnegative in agreement with the second law of thermodynam-
ics. Notice that Equation (30) implies that the only flows with zero rate of produc-
tion of entropy would be those that have constant temperature T and are a solid
core rotation about an axis. We also note that expressions corresponding to (28)-
(30) could also be obtained in the extended irreversible scenario, but they would
need to be written in terms of the heat flux (.

The new theoretical expressions we obtained above, for the entropy flowing into
the system AS; in (29) and the entropy produced inside the system AS, in
(30), can be compared to experimental data from storm temperature and entropy
profiles such as [42], which will be one of the directions of future work.

A detailed account of recent developments in the understanding of irreversible
entropy production is given in [43]. Note that our new expression for the evolu-
tion of entropy far from the equilibrium (25) includes a contribution due to heat
fluxes that, in turn, will affect vorticity development in Stage 3 described in the
introduction. In the next section we will study the spatial gradient of the specific
entropy, Vs, and its impact on the tilting, stretching, and amplification of vorti-
city associated with the quasi-two-dimensional turbulent motion leading to tor-

nadogenesis.

4.2. Mesoscopic Thermodynamics, Entropic Balance, and Vorticity

The variations in thermodynamic entropy S(X,t) are responsible for the “mis-
match” between macroscopic and microscopic descriptions, since they take place
on different space and time scales. So, turbulent thermodynamic systems may be
categorized as mesoscopic [39] [44]. Mismatches due to fluctuations in the veloc-
ity field are called turbulent fluxes [45]-[47]. Assuming that conduction is slower
than convection and assuming that the atmosphere consists of dry air and water
vapor, thus neglecting the liquid phase, implies that convection dominates the en-
tropy production [40] [42] [48]. Tornado-like vortices, from radar observations
and numerical simulations [2] [12] [30], exhibit exactly the behavior of a system
far from equilibrium, so they can be treated as mesoscopic systems; in other
words, they exhibit both macroscopic and microscopic features. It is important
then to understand how far from equilibrium that system is.

The standard approach to connecting the equations of motion and thermody-
namics uses buoyancy in the Boussinesq approximation [46]. However, the Bous-

sinesq approximation imposes restrictions on horizontal density variations. In the
general case, the connection between the dynamics of motion and the flow ther-

1
modynamics can be seen from the fact that the quantity —V&-®@ must remain

constant along the parcel trajectories for an inviscid isentropic flow, in which vor-
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ticity @ is tied to the potential temperature & [49]. The relationship between
different definitions of potential temperature and entropy is given in [48].

In [50], a theory of entropic balance is developed based on variational principles
under the assumption of short time scales for phase changes. The governing equa-
tions of fluid flow are derived using a variational approach in the thermodynamic
context, and a discussion of how entropic balance can be affected by a highly non-
equilibrium storm environment is included. In particular, it is stated that the en-
tropic balance must be complemented with a term accounting for non-equilib-
rium entropy fluctuations, which would be similar to the term described in (25).
A comment is included on fluctuations not being averaged on all scales, thus lead-
ing to a mesoscopic model of the non-equilibrium system (see Equation (5.6b) in
(50]).

More specifically, it is hypothesized in [50] that the “phase-change time scale is
significantly shorter than the time scales of convective storms and tornadoes” and
that “variations of the initial entropy levels are small enough and allow us to ap-
proximate them by their ensemble means”. The second of these is the local equi-
librium hypothesis discussed in Section 4. Consequently, this entropic balance
theory is a special detailed case of non-equilibrium thermodynamics and thus is
fundamental in our study of the boundary layer. In [50], regions are identified as
entropic sources and entropic sinks within the entire supercell storm. In our set-
ting, we consider entropic sources and entropic sinks in the context of the bound-
ary layer. The entropic sink is the evaporatively cooled boundary layer in the for-
ward flank or rear flank of the supercell. The entropic source is the boundary layer,
laden with moisture from the northward advection of water vapor from the Gulf
of Mexico.

The region of the two indexed flows can be thought of as a box below the wall
cloud, just on the cool side of the forward-flank downdraft. In that region the laws
of non-equilibrium thermodynamics apply. We assume that the construction in
[50] is applicable in the region of the forward-flank downdraft, not the entire
supercell. The close proximity of the entropic source and sink determines the size
of the gradient of the entropy. Using a variational argument, entropy considera-
tions, the Clebsh transformation, and the definitions and discussion in [51] [52],

it follows that
v=-VL +LVs+L, VX, @=VL xVs+VL, xVX, (31)

where L, L, and L, arethe Lagrange multipliers corresponding to the con-
servation of mass, entropy, and air parcel identifier X, respectively. We note that
the decomposition in (31) is not unique, but it significantly complements the dis-
cussion of [49] on the nexus between vorticity and thermodynamics. We can re-

write the second equation in (31) as a vorticity decomposition in the form
®=VL xVs+VL, xVX =@, +®,,, (32)

where @,, and @, are baroclinic and barotropic vorticities, respectively [52].

The boundary layer also undergoes strong wind shear, which leads to the de-
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velopment of a quasi-two-dimensional turbulent boundary layer. The vorticity in
the moisture-rich boundary layer creates potential vorticity patches [49] [46]. The
potential vorticity ® is defined [51] [52] as
~ @-VS
w =
P

: (33)

and it is conserved for inviscid isentropic flows. Consequently, using (32), poten-
tial vorticity would be zero in the absence of barotropic vorticity @, , i.e.,

@ =0." For a hydrostatic flow and neglecting the Coriolis effect, we have [49]
. 00
w =(,—, 34
o o (34)

where ¢, is the third component of vorticity in the isentropic coordinates
(X, Y, 0) ,and @ isagain the potential temperature.

The surface heat flux into the quasi-two-dimensional turbulent boundary layer,
combined with buoyancy-generated pressure deficits, produces updrafts below
the supercell wall cloud [3]. If tilting and stretching unravel the cusps generated
by vortex lines, then such an environment can lead to tornadogenesis.

We now consider a near-surface (quasi-two-dimensional turbulence) example
using the tilting terms in the vertical vorticity equation (see, e.g., Equation (12) on
p- 341 of [49]). Assume a vertical shear of 20 m/s in 100 m in the westerly direc-
tion, leading to rotation about a south-to-north axis. The wind shear creates the
vortex lines with cusps in the quasi-two-dimensional boundary layer. In addition,
assume a change in vertical velocity from 0 m/s to 2 m/s in 100 m in the southerly
direction. Then the corresponding rate of change of the vertical vorticity is 4 x
107 s72. At this rate of vorticity production, it would take approximately 80 s for
a Rankine-combined tornado of 100-meter radius, vorticity of 0.32 s=!, and veloc-
ity of 32 m/s to form. This is in general agreement with the results of Houser [53],
where studies of seven cases of tornadogenesis show that tornadogenesis takes
place in approximately 60 s. This example ignores vortex breakdown in the tor-
nado formation. Taking 30 m/s as the velocity of the subcritical vortex, then, after
the vortex breakdown, the supercritical vortex would have a maximum velocity of
approximately v, =1.7x30m/s=51m/s [54]. The tilting of horizontal vorti-
city in the boundary layer creates vertical vorticity and potential vorticity. This,
along with the potential vorticity patches in the quasi-two-dimensional turbulent
boundary layer, contributes to the stretching in the vertical direction, leading to a
vortex breakdown. Indeed, if the time scale is very small and thus the adiabatic
assumption is reasonable, then (34) indicates that making 06/0p small and as-
suming potential vorticity constant, the vertical vorticity will be large.

We note that the ideas discussed in this paper apply to more general scenarios
than the one discussed in the above example. For example, if the relative direction

of the supercell storm motion and the surface flow vorticity production are in the

"It is noted in [52] that (32) may not allow a full study of the three-dimensional evolution of vorticity,
as it would require the additional Clebsh potentials to match the number of degrees of freedom.
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opposite directions, as is the case of a storm moving east along an east-to-west
oriented warm front, then the east-to-west oriented furrows of cusps would cor-
respond to south-to-north vortex lines. As the updraft moves along a furrow, cap-
turing successive segments of cusps, the associated vortex lines would unravel and
go through vortex breakdown as in the previous paragraph, then be successively

absorbed by the tornado and amplify its vorticity.

5. Considerations of the Gross-Pitaevskii Equation

We conclude the main ideas of this paper by considering the Gross-Pitaevskii

equation, written in the dimensionless form [17] [55],

i%P:—A‘P+ﬂ|‘P(x,t)|2‘P+V(x)‘P, (35)
where the unknown W(X,t) typically represents a wave function, V (X) isan
external potential, and S > 0. Notice the similarity to the cubic nonlinear Schro-
dinger Equation (7), particularly the cubic nonlinearity. Note also that the term
| [l// ( )/,t)] in (7) and defined in (8) is replaced by a simpler linear term
V (x)¥ . Equation (35) has several properties that may be useful in studying tor-
nadogenesis. For example, it has been shown that its statistics include the —5/3
power law for the inverse energy cascade in two-dimensional turbulent flows [16].
Hence (35) can be used to model two-dimensional turbulence and we can try to
use it to model quasi-two-dimensional turbulence in the boundary layer. Addi-
tionally, a particular modification of the Rankine-combined vortex is a solution
to (35) [56]. Finally, we point out that we are not pursuing a quantum-mechanical
analogy and do not claim any quantum mechanical effects. Instead, we focus only
on the mechanical properties of (35) and its solutions.

If we rewrite the wave function W in terms of its magnitude and phase ¢,
P (x,t) =] (xt)e",
and use the identification
p(x.t)= |‘P(x,t)

then the Madelung transform of (35) leads to a continuity equation and a modified

|2

and v(x,t)=Vg(x,t),

Euler equation with p and v playing the usual roles of mass density and ve-
locity, respectively [56] [57]. In one spatial dimension, the Madelung transform
agrees with the Hasimoto transform (2) [17]. In fact, the Madelung and Hasimoto
transforms establish an equivalence of the Gross-Pitaevskii and the nonlinear
Schrodinger equation classes to Newton’s and fluid flow equations including the
Euler and the Navier-Stokes equations [17], and many features of turbulent vor-
tices have been obtained using numerical simulations of the solutions of the
Gross-Pitaevskii equation [56]. The hierarchy of the cubic nonlinear Schrédinger
equations, including (35), is studied in [58]. As seen above, solutions of (35) can
be shown, after an application of the Madelung transform, to satisfy the Euler

equations [57], and, vice versa, the Euler equations can be turned into (35) using
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the inverse Madelung transform [59]. This equivalence between the Euler equa-
tions and the Gross-Pitaevskii equation indicates that (similarly to densely packed
sources of rotation perpetrated by the Bose-Einstein statistical distribution) the
turbulent interaction includes a “discrete-like” component [17] [56].

Using the usual approach of the separation of variables, stationary solutions of
(35) of the form

P(x,t)=2(x)e™ (36)

can be sought. Substituting (36) into (35), we obtain the problem

2

uZ(x)=-AZ (x)+ﬁ|Z (x)| Z(x)+V (x)Z(x),

which is to be solved for the eigenvalue 4 and the eigenfunction Z (X) , which
then fully determine ¥ ( X,t) [55].

In light of the above connections between the Schrédinger equations and the
Gross-Pitaevskii equation, it appears plausible that applications of the variants of
(35) could possibly lead to broadening the type of vortex patches in our consider-

ation, i.e., the narrow furrows of the pre-turbulent flow, to larger patches in a

more fully developed quasi-two-dimensional turbulence [16] [56] [60].

6. Summary

In this paper, we integrate in a novel and original way the mathematical, statistical
mechanics, and thermodynamical concepts that allow us to better understand the
development of a three-dimensional vortex from an originally mostly non-turbu-
lent flow. These concepts come from a variety of different disciplines. From nu-
merical simulations and turbulence theory, one observes that surface friction and
vertical wind shear lead to the development of horizontal vortex filaments, which
can later develop into more vertically coherent structures such as cusps and fur-
rows, exhibiting apparent hairpin legs [2] [10] [11].

Since these coherent structures occur in a shallow region near the surface (see
Figure 2), we suggest that their behavior can be modeled and understood using
quasi-two-dimensional models. In two-dimensional and therefore also quasi-two-
dimensional models, energy cascades to larger scales, further supporting the de-
velopment of structures or patches discussed in [1]. Then such structures are
pulled into the updraft of the supercell flow [3], get further tilted, unraveled, and
stretched in the vertical direction [2] (see Figure 3), and a three-dimensional
model is required. When the cyclostrophic balance between the pressure gradient
force and the centrifugal force is disrupted due to the surface friction, these
stretched filaments collapse into narrow, very intense filaments. In Section 3 we
interpreted these vortices as having a negative temperature, and such filaments,
further stretched by the updraft, then transfer energy to the surrounding flow,
possibly leading to or supporting tornadogenesis [28]-[30]. This paper therefore
combines ideas from tornado theory, turbulence, and two- and three-dimensional
statistical mechanics of vortex gases.

We integrate mathematical fluid dynamics into the discussion of the quasi-two-
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dimensional boundary layer. Mathematical fluid dynamics provides an explana-
tion of the development of cusp-like features from horizontal vortex filaments via
nonlinear Schrédinger equations such as (5) and (7). In particular, the nonlocal
interaction term 1] in (7) is shown in [15] to be responsible for the develop-
ment of cusps in an initially straight, helically perturbed, vortex filament. These
models are rigorously derived in [14] [15] under appropriate and reasonable
mathematical assumptions. The models’ assumptions cease to be satisfied as the
cusps are formed; however, when such cusps are formed, their behavior can be
approximated by using models appropriate for collections of vortices, such as a
two-dimensional vortex gas model or a quasi-two-dimensional model for parallel
vertical vortices. In Section 3 we use these models and the results of [35] [36] to
model vortex patches in the quasi-two-dimensional boundary layer.

The results of the numerical simulations in [2] appear to be consistent with
those in [10] in that A, -isosurfaces in the boundary layer of the environmental
air mass align with the direction of the flow, and transverse vortex filaments de-
velop cusps and potentially more complicated shapes between these “hairpin
legs.” It is important to point out that the horizontal hairpin legs do not get tilted
into the vertical. Instead, the transverse vortex filaments with cusps appear to be
tilted by a combination of potential vorticity in the boundary layer and the pres-
sure drop in the mesocyclone. These filaments then get pulled into the updraft
and appear to contribute significantly to tornadogenesis. The work in this paper
therefore integrates concepts from a variety of different areas to contribute to the
explanation of tornadogenesis.

We have derived the entropy transport equation in a non-equilibrium context
based on irreversible thermodynamics and various ideas on entropy redistribution
based on calculus of variations studied in the works of Davies-Jones and Sasaki
[50] [52], in which regions of entropic sources and sinks are identified and studied
in the context of the entire supercell storm. The interaction of these sources and
sinks leads to a thermodynamic non-equilibrium in the supercell. In the context
of tornadogenesis, this theory can be applied to the boundary layer. The entropic
sink is the evaporatively cooled boundary layer in the forward flank or rear flank
of the supercell. The entropic source is the boundary layer, laden with moisture
from northward advection of water vapor from the Gulf of Mexico and the ab-
sorption of water vapor from crops undergoing evapotranspiration. The close
proximity of the entropic source and the entropic sink determines the size of the
entropy gradient, and their interaction, together with other factors such as strong
wind shear or surface heat flux, leads to the (potential) vorticity in this quasi-two-
dimensional layer that appears to be essential for tornadogenesis. Combined with
updrafts below the supercell wall cloud, this mechanism leads to tilting, unravel-
ing, and stretching of the cusps along vortex lines in this region, contributing to
tornadogenesis.

Finally, we list some questions to consider for future investigation. What are

the thresholds for surface winds to produce quasi-two-dimensional turbulence
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with robust vortex patches? Prior to tornadogenesis, how does the near-storm
thermodynamic environment affect how close the vortex patches get to the triple
point, i.e., the point where the surface air from the forward-flank and the rear-
flank downdrafts join with the surface environmental air? What roles do the
ground flux and the moisture flux in the non-equilibrium thermodynamics play
in tornadogenesis? Is there a way to continuously perturb the linear local term
into a nonlocal term in the cubic nonlinear Schrédinger equation in such a way
that the evolution of the solutions reflects the increasing turbulence? If there is a
homotopy of evolution from the Schrdodinger to the Gross-Pitaevskii equation
mentioned above, can we then find entropy based purely on a time-dependent
wave function without using a quantum analogy? How would the results of nu-
merical simulations change if the classical or extended irreversible thermodynam-
ics equations derived above were added to the model? How do these equations
change for multiphase flows and what additional insight do they provide, i.e., what
roles do, for example, the combination of heat flux, dry air flux, water vapor flux,

and moisture flux in non-equilibrium thermodynamics play in tornadogenesis?
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